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Abstract 

Given a morphism X ^ S log schemes of characteristic p > and a lifting X/S of 
X' over S modulo p"^, we use Lorenzon's indexed algebras and Bx/s to construct an 
equivalence between ^x-modules with nilpotent integrable connection and indexed Bx/s- 
modules with nilpotent yS^/^-linear Higgs field. If either satisfies a stricter nilpotence 
condition, we find an isomorphism between the de Rham cohomology of the connection 
and the Higgs cohomology of the Higgs field. 
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1. Introduction 

The classical Riemann-Hilbert correspondence gives an equivalence between the category of coherent 
modules E with integrable connection V on a complex manifold X and the category of locally 
constant sheaves of complex vector spaces V on X. Moreover, there is a natural isomorphism 

H^{X,V)c^H^{X,E^n-^/c), 

where the right hand side is the hypercohomology of the de Rham complex of V. However, the 
maps in this complex are only C-linear in general. On the other hand, if V is constant and X is the 
analytic space associated to a projective scheme over C, Hodge theory tells us that in fact, 

H^{x,v)^ W{x,E®ni^^^). 

i+j=n 

In general, if V is not constant, this last statement is no longer true. Simpson |Sim92j resolved this 
by defining a partial equivalence between modules with integrable connection {E, V) and modules 
with Higgs field {E',9') (with a stability condition on both sides), such that the de Rham complex 
of (Ej'V) and the Higgs complex of {E',6') have the same hypercohomology. Recall that a Higgs 
field on E' is a map 6' : E' E' (Si^x ^x/c '^^ich, instead of satisfying the Leibniz rule, is simply 
-linear and satisfies the integrability condition 6' A 9' = 0, so that 9' induces a complex of 
i^x-modules 

E' E' ®ffx E' ®ffx ^\/c ■■■ . 

(This is equivalent to an extension of the i^x-module structure on E' to an S' S/'x/c-modnle struc- 
ture.) 

On schemes in characteristic p, the straightforward generalization of the Riemann-Hilbert cor- 
respondence requires that the connection V have vanishing p-curvature. The construction of the 
p-curvature is as follows: recall that given a morphism X ^ S oi schemes of characteristic p, for 
a derivation D : Gx — > ^x over ^5, its pth iterate D^^^ is again a derivation. Now given an 
^x-module E with integrable connection V, it turns out that 

D^i^D-= (Vd)p - V^(rt G Sndff^{E) 

induces a Frobenius-linear map S/'xjs ~^ Ex/s*'^''T'dffj^{E), or equivalently an ^x-linsar map ip : 
E ^ E ^x/s^X'/S' (The appendix to this paper gives a new proof of this fact which is more 
conceptual than previous proofs, for example that in [Kat70] .) The classical Cartier descent theorem 
|Kat70 ] then gives an equivalence between the category of modules with integrable connection with 
vanishing p-curvature and the category of ^x'-modules. 

However, many connections of interest do not have vanishing p-curvature. In their recent work 
|0V| . Ogus and Vologodsky define a more general equivalence between modules with integrable 
connection {E, V) whose p-curvature is nilpotent of order less than p and modules with Higgs field 
{E' , 9') with 9' nilpotent of order less than p. This equivalence depends on a lifting X' ^ S modulo 
p^ of X' over S, where X' is the target of the relative Frobenius map Fx/s '■ X ^ X' . Furthermore, 
they found that if the p-curvature of V is nilpotent of sufficiently low order, then the de Rham 
complex of (£', V) and the Higgs complex of {E',9') are naturally isomorphic in the appropriate 
derived category, so that they again have the same hypercohomology. 

Log geometry was created to deal with problems in compactification and singularities; thus, 
connections on log schemes provide a language for studying differential equations with log poles. 
This is an important case to study since many natural connections do have log poles. A log scheme 
is a scheme X with a sheaf of commutative monoids ^x and a map a : ^x ^x ' where G^ is the 
multiplicative monoid of i^x, such that a induces an isomorphism a~^(i^^) For example, 

given a divisor with normal crossings D, we may define ^x ■= ^x H i^^y^ where Y := X \ D and 
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i -.Y ^ X \s the open immersion, and we define a : to be the natural inclusion. Then 

for a morphism X ^ S oi log schemes, Kato defines a sheaf of relative logarithmic differentials ^xjs 
[Kat88j ■ which allows the natural extension of the notion of modules with integrable connection; 
in the case above of a divisor with normal crossings, this is just the classical sheaf rj^y^(log-D) of 
differentials with log poles along D. 

However, on log schemes of characteristic p, in addition to the p-curvature there is another ob- 
struction, called the residue, to the classical Riemann-Hilbert correspondence; hence the straight- 
forward generalization of the Riemann-Hilbert correspondence requires that the connection V have 
vanishing residue in addition to vanishing p-curvature. Lorenzon [LorOOj corrected this by introduc- 
ing an ^^-indexed ring with canonical connection d, such that defining Bxjs '■— (•^x)''^'^' 
one gets an equivalence between indexed ^^-modules with integrable connection compatible with 
d whose p-curvature vanishes and indexed ;Sx/5-niodules. This work was inspired by Tsuji's work 
generalizing the fundamental exact sequence 

^ ^ z\i, -'-^ 

to the case of log schemes, replacing by |Tsu96| . 

The aim of this paper is to extend the theory of Ogus and Vologodsky in [OVJ to the case of log 
schemes. The main result is that given a lifting X/S of X' over S modulo p^, we get an equivalence 
Cxjs between the category of ^x-modules with integrable connection (E,\7) whose p-curvature 

gp 

is nilpotent of level less than p and the category of -indexed ;Bx/5-niodules with i3x/5-linear 
Higgs field {E', 6') which is nilpotent of level less than p. (Here denotes the quotient j ^x-) 
Furthermore, this specializes to give an equivalence between ^x-modules with connection whose 
p-curvature and residue are both nilpotent and ^x'-modules with nilpotent Higgs field. In both 
cases, the de Rham complex of (E, V) and the Higgs complex of {E' , 9') are once again isomorphic 
in the derived category. 

We give here a brief sketch of the construction of Cxjs ^'^d its pseudoinverse C^^J^, assuming 
for simplicity we have a lifting X — s- 5" in addition to the lifting of X' . Then the sheaf of liftings of 
Fx IS '■ X ^ X' Xo & map X ^ X' is a torsor over Fxjs^X' |s^ This sheaf is representable by an 
affine scheme Cx/s = Spec/C;^'/^ over X; in addition, the sheaf extends naturally to the crystalline 
site Crys(X/S'), which induces a natural connection on K,x/s- Defining /C^^^ := KLx/s ' "^^ 

then have 

Cx/s{E)^{E®^^lCi,s?'°' 
with Higgs field induced by the p-curvature of K,x/s^ 

C-^)s{E')^{E'®Sx^^ Ki/st"' 

with connection acting on K,x/s- 

A key technical result which is central to the proofs in |0V] is the fact that for a scheme X of 
characteristic p, the ring of PD differential operators T^x/s is an Azumaya algebra over its center, 
which is isomorphic to S' S'x' js via the map D ^ DP -D(p\ (Th is means that locally, after a flat 
base extension, it is isomorphic to a matrix algebra.) This is no longer true in general in the case of 
log schemes; however, what we find is that if we define Vx/s ■= -^x '^ffx '^x/s with the appropriate 
multiplication, then T^x/s is an indexed Azumaya algebra over its center, which is isomorphic to 
Bx/s ®Gx' ^^X'/s- The first section is mainly devoted to an elaboration and proof of this result. 
The first subsection discusses the theory of indexed Azumaya algebras; perhaps one interesting 
point which should be mentioned here is the fact that we need to define J^om in the indexed case 
to allow morphisms which shift degree. The second subsection reviews the construction of and 
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the connection d and explores the structure of Bx/s- The third subsection then defines ^'^id 
proves that it is an indexed Azumaya algebra over its center. 

The second section begins with a construction of the scheme representing a general torsor over 
a locally free sheaf. We then define the FJ^^O^Y^-torsor of liftings of Probenius Cx/S ^'^id its 
extension to the crystalline site, which gives us a corresponding crystal of ^x/5-algebras KixjS- We 
proceed to calculate the corresponding connection and its p-curvature explicitly (the latter turns 
out to be simply the map d : c —>■ ^]^/x — ^ffx ^x/s^x'/S'' '^^ere by abuse of notation we 
also let jC be the scheme representing the torsor Cx/s) to discuss a functorality property of this 
construction. 

The third section gives a construction of the Cartier transform Cx/s described above; the key 
observation is that defining 

ici,s •■= ^omeA^xis. &x) , 

then iC'^ig is a splitting module for V^ig ■= i^x/s ®S-^x'/s ^-^X'/s- We thus get an equivalence 

between the slightly larger categories of P^^^-modules and r.=5x'/5<Xi^^, ^Bx/s-^odules, which have 
the advantage of being (^-categories. We then prove that after a sign change the equivalence given 
by Azumaya algebra theory gives the formulas above in the case of qTiasinilpotent modules. We also 
give a local version of the transform which works more generally for Vx/s®s- 5^_y//s'S' J^//5-modules, 

but depends on a lifting F of Fx/s^ which rarely exists globally. Finally, in the last section, we prove 
the analogue of Simpson's formality theorem, which states that if the j»-curvature of V is nilpotent 
of level less than p — d, where d is the relative dimension of X/S, then the de Rham complex of 
{E, V) is isomorphic in the derived category of complexes of ^x'-™odules to the Higgs complex of 
its Cartier transform. 

In their paper Ogus and Vologodsky proved a theorem of Barannikov and Kontsevich, which 
states that if X is a quasi-projective smooth scheme over C and / G T[X, ffx) induces a proper 
map X — > A^, then the hypercohomologies of the complexes 



and 



^ d+/\df „i d+Adf „2 
(7x "X/C *■ ''X/C 



Adf I hdf 2 



have the same finite dimension in every degree. For further research, it would be interesting to see 
whether by using log geometry one can relax the condition on /. 
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2. Indexed Azumaya Algebras 

Let X be a topological space, and Z a sheaf of abelian groups on X. Then an I-indexed ring on 
X is a sheaf A along with a degree map deg : A ^ I, a zero section 2 ^ A oi the degree map, 
a global section 1 € A{X), an addition map A Xj A ^ A compatible with the maps to 2, and a 
multiplication map A x A ^ A fitting into a commutative diagram 

Ax A — '■ — > A 



Ixl — ^ I, 

satisfying the usual ring identities when either side is defined. (In other words, we only allow addition 
of sections of equal degree, and require that multiplication adds degrees. Also, for each section i G I, 
there is a corresponding zero section in Ai := deg~^(i).) Also, if ^ is a sheaf of X-sets, and A is an 
I-indexed ring, we have a similar definition of ^-indexed ^-modules. A J -indexed homomorphism 
of ^/-indexed ^-modules is then a map S ^ ^ which is ^-linear in the usual sense and which 
respects degrees. See |LorOO| for more details. 

2.1 Basics 

Let X be a topological space, X a sheaf of abelian groups on X, and A an X-indexed ring on X. In 
order to develop the theory of indexed Azumaya algebras, we will need to allow homomorphisms 
which shift degree. 

Definition 2.1. Let J' be a sheaf of J-sets. 

i) Let (a" be a J'-indexed ^-module, and j (z J a section. Then <^(j) := Xjl, where the map 
I J' is addition of j. This is an X-indexed object via the projection to I, and an ^-module 
via the action on (o. (For z G X, we have ~ foj+j. Thus, if ^ = X with the standard 
action, this agrees with the usual definition.) 

ii) Let and ^ be X and jT-indexed ^-modules, respectively. Then Jifomj\^{£',,^) is the 
indexed ^-module such that a section on an open set ?7 C A consists of a section j G J^iU) 
and an X-indexed ^-linear homomorphism (p : — > (^|(7)(j), with the obvious restriction 
maps, and the degree map of projection to j. 

Now if A is commutative and M is a locally free X-indexed ^-module of finite rank (with 
generators not necessarily of degree zero), then <§ := Snd_A^{M) is an ^-algebra with center A. In 
fact, we have the following result: 

Theorem 2.2. Let J he a sheaf ofl-sets, and let M and S be as above. 

i) The functor E ^ M^E induces an equivalence of categories from the category of J-indexed A- 
modules to the category of J -indexed left (^-modules, with quasi-inverse F Jifom^{M,F). 

ii) If M' is another locally free A-module of the same rank as M, with a structure of left (^-module, 
then the natural map S Snd_A{M') is an isomorphism. 

Proof. We have natural ^/-indexed maps 

riE : E ^ J^omg{M, M (g) E), e ^ {m ^ m (g) e) 
ep : M ^ Jifoms-{M, F) ^ F, m ^ (j) (t>{m). 

It is sufficient to show these maps are isomorphisms locally; thus, let {mi, . . . ,mr} be a basis for 
M, and let di = deg(mj) G X. Also, let a^j & S" he the homomorphism which sends to Sjkmi. 
Note that deg(ajj) = di — dj. 
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Now rjE is clearly injective. For surjectivity, let (j) G ,^omg{M,M E). Suppose (j){mi) = 
Yl\=i''^i ® then since aumi = rrii, we must have (p{mi) = aii(p{mi) = rrii ei for each i. 
Therefore, (j){m) = m® ei for each ra € M, so (p = r]E{ei). 

To show e^r is an isomorphism, we define e^^ as follows: for each i, let £".1 denote the sub ^-module 
of S" generated by an, . . . , a^i- Then we have an isomorphism of left -modules M £'.i{—di) which 
sends rrij to aji. For / G F of degree d G J', we now let (j)i{f) E J^onis{M,F) be the composition 

M =^<§.i{-di)^F{-di + d), 

and define e~^^{f) = ''^i®'Pi{f)- Again, this is a J'-indexed map. To see it is indeed the inverse, 
note that any element ol M ® J^omg{M, F) can be written uniquely as a sum 'Yl'i=i mi® ''Pi- This 
gets mapped by ep to / := 'Yli'^ii'^^i) ^ -^i ^PPlyii^g the above construction, we see that 4>i{f) 
sends rrij to otji^^ipkimj.) = '^f^ipkictji'mk) = ipi{mj), so (pi{f) = tpi- For the other direction, we 
see that ep maps J2l=i 4'iif) to 4'iif)im,i) = an ■ f = 1- f. This completes the proof of 
(i)- 

For (ii), since M and M' are both locally free of rank r, it suffices to show that the localized 
map Endy^^(Ma;) End_4^(M^) is an isomorphism for each x G X; thus, we may assume X is a 
one-point space, and M and M' are free. Also, by localizing at an arbitrary T-indexed prime ideal 
of A, we may assume that A is local. Now by (1) we have an isomorphism M ® N ^ M', where 

= Hom^(M, M'). Since M is free, this implies X is a projective ^-module. Also, applying an to 
both sides of the isomorphism M®N — > M' gives an isomorphism N{—di) ~ {A-mi)®N auM' , 
so is finitely generated. Now the standard proof that finitely generated projective modules over 
a local ring are free extends to the indexed case, so we see that N is free. Since M and M' are both 
of rank r, N must have rank 1. Therefore, if N has a free generator of degree d, then M' ~ M{—d), 
and the result follows. □ 

(In fact, this proof shows that if Ax is local as an X^-indexed ring for each x £ X, then locally 
M' ~ M{i) as left (^-modules for some i € I.) 

Remark 2.3. It is easy to check that assuming only that M is an (^-module, where is an A- 
algebra, the natural transformations rj and e described in the above proof form the unit and counit, 
respectively, of an adjunction which makes M ® ■ the left adjoint of M'omg{M, •). 

Definition 2.4. Let ^ be a commutative T-indexed ring, and <§ an T-indexed A-algehxa. For a 
commutative T-indexed ^-algebra we say S" splits over B with splitting module M \i S (g)_4 B ~ 
Sndi3{M) for some locally free T-indexed ;B-module M. We say S is an Azumaya algebra over A if 
there is some commutative T-indexed ^-algebra B, faithfully flat over A, such that (f splits over B. 

Corollary 2.5. If S is an Azumaya algebra over A of rank r^, and there exists a locally free 
Z-indexed A-module M of rank r with a structure of left S'-module, then S is split over A with 
splitting module M. 

Proof. Let B be an ^-algebra, faithfully fiat over A, over which S splits, and let M' be a splitting 
module. Then M ^ has a structure of left S (8)_4 i3-module, and it is a locally free i3-module of 
rank r. On the other hand, if M' has rank s, then ^ (®j\^B ~ <§ndB{M') must have rank over B, so 
s = r. Thus, by (h) of theoremE^l the natural map S®ji^B ^ S'ndts{M 0j^B) ~ SndA{M) is 
an isomorphism. Since B is faithfully flat over A, this implies that the natural map S — > Sndji^{M) 
is an isomorphism. □ 

Note that since the transpose gives an isomorphism (f °p — > condj^lM), where M = J^omj^{M, A), 
the above theory works equally well for right (f- modules. 
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2.2 Indexed Algebras Associated to a Log Structure 

Recall from (LorOOj that to any log scheme X we may associate a canonical x 
A^xi which corresponds to the exact sequence of abelian groups 



gp 



indexed 



' X 



^ X 



x-algebra 
0. In 



particular, for s € ^ x ) ("^x invertible sheaf on X corresponding to the i^^-torsor given by 

the inverse image of s in thus, for a section s G ■y^x'i have a corresponding basis element 



in ^^x ■ We then have a canonical connection d on 



Cs of {A^x)si where s is the image of s 
characterized by the formula dcg = (8) dlog s, and we define Bx/s to be the kernel of d. Note that 



since d is multiplicative, Bx/s is a subring of Ax ■ 

The construction of A^x functorial in the following way: given a morphism / : X 
log schemes, we have a commutative diagram 



Y of fine 











'X 



Y 







This induces a natural cartesian diagram 

/MfP - 



■gp 
Y 



/jgP 



«P 



For s G ^^P, the map f*Af 

Now recall the relative Frobenius diagram for log schemes: 



— > ^'x 
A^x sends 1 to ej.<j. 




X" X 



s — ^ s. 

Here the bottom square is cartesian in the category of fine log schemes, and -Fx/5 is uniquely 
determined by the requirement that Fx/s is purely inseparable, and the map X' — > X" is etale. 
Note that our notation for X' and X" is opposite that used by Kato in |Kat88j but agrees with 
|Ogu04| ■ We then have the Cartier isomorphisms Cx/s • ^'^{Px/s*^'x/s^ ~* ^X'/s ^x'-modules. 
In fact, we have the following generalization: 

Proposition 2.6. Assume X ^ S is a smooth morphism of hne schemes. Then there are canonical 
isomorphisms 

n\Af ^x/s, d) ~ Bx/s ^'x'/s^ 
where {A^ ®ffx ^x/S'^^ Rham complex of A^ with the canonical connection d. 

Proof. (This is a straightforward generalization of the proof in [KatSSj 4.12].) We have a natural 
map Bx/s ®ffx' ^X'/s ~^ 'H'^{A^x ^x/S'^) which extends the inverse Cartier isomorphism 
C^lg : ^'^x' /s ~^ ^*(^x/5' Showing this map is an isomorphism is an etale local problem, so we 
may assume we have a chart {Q ^s, P ~^ ^x, Q ^ P) X ^ S such that P and Q are finitely 
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generated integral monoids, the map P^p injective and the torsion part of its cokernel is a 

finite group of order prime to p, and the natural map X ^ S [q] ¥p[P] is an isomorphism. Then 
X' ~ 5 Xp^[Q] ¥p[H], where H := P n {pP^P + Q^p). 

Now for s € P^P, let s be the image of s in ! then using as a basis element for {A^)s, the 
degree s part of {A^ <8> ^^x/S' isomorphic to the de Rham complex {Q'-^^g,d + dlog sA). We can 
now decompose this complex as a direct sum of complexes C^, for G Fp (8) (P^p/Q^p) ~ P^^/H^p, 
where 

:= ®F,[Q] n I/] ^F, A^Fp ^ (PSP/Q'P)) 
with the differential a i— > (s + i/) A a. (Here Fp[P n v] denotes the submodule of Fp[P] generated 
by elements of P H ly.) This complex is exact if s + 7^ 0, while if s + = 0, then 7l!*(Cj^) ~ 
CI ~ (7°®^^, ^x'/s- Hence 7^*(ri;y/_5,, d + dlog sA) ~ ^^(rij^/^., d + dlog sA) (g)<?^, J^^'/S' However, 
7^°(0^^^, d + d log sA) is the kernel of ci + dlog s, which by definition corresponds to {Bx/s)s- Since 
the image of P^p generates ) '^^ done. □ 

Remark 2.7. Since (-4^ '^^^ p-curvature, the Higgs complex is {A^ ^x'/S' 

and the kernel of the natural connection on A^x ®ffx' ^X'/s ^x/s ^ffx' ^X'/S' Thus, this is a 



special case of |Ugu04t 3.1.1], which states that W{E ® ~ W{E ® F'^.gQ.-^, .g,-^))^ . 



Similarly, for i < p, this is a special case of the main result of chapter 4, since in notation yet to be 
developed we will have C^/siA^ , d) ~ (jSx/s,0). 

The proof of this isomorphism also gives us insight into the structure of Bx/s- Namely, we see 
that given a local chart {Q -#5, P -^x, Q ^ P) as in the proof, then for m € P^p, 

{Bx/s)m = em^s ®F,[Q] ^p[{-^ + H^"") H P] C e^^5 »F,[Q] ^p[P\ = 

This immediately gives the following: 

Corollary 2.8. The natural map A^x' ~^ Px/s*^^x Actors through Fx/s*Bx/s- Furthermore, 
Fx/s*Bx/s is generated as an Fx /s*^^ -indexed module over A^, by elements of the form a{m)e-m 
for m ^ P. 

Proof. Locally, is generated by H^^ , and for m G H^^ , we have em^X' — ^m^s ^¥p[Q] 

FplH^'P] C Bx/s- On the other hand, the above description of Bx/s shows that it is generated as an 
indexed (^5-module by elements of the form a{—m + h)em, where h G H^^ is such that —m + h G P. 
However, then a{—m + h)em = eh[a{—m + /i)e_(_^+/j)], and e/j G A^,. □ 

Example 2.9. Consider the monoid P = {a,b,c : a + b = 2c), and let X := Spec(P — s- k[P]) for 
some field k of characteristic p. We then claim that Px/fc is not flat. To see this, we can identify 
P with {(m,n) G : m ^ |n|} by sending a to (1, 1), b to (1, —1), and c to (1,0). We then see 
that {e"* : m G P — PH^} forms a basis for k[P]/k[PH~^] as a vector space over k[H]/k[H~^] ~ /c. 
However, for some cosets S of H^^ = piP, S H P has more than one minimal element; for example, 
((— 1, —1) + H^^) n P has minimal elements {p — l,p — 1) and {p — 1, —1). Therefore, k[P] ^k[H] k 
has dimension strictly greater than p'^. But localizing to D{H~^), we get A;[PSP] over k[H^^], which 
is free of rank p^, since choosing a set of representatives S of P^^/H^^, we get a basis {c^ : s G S"} 
of A;[PSP]. 

On the other hand, the sets S H P for 5* a coset of H^^ form a partition of P into sets. 
Therefore, if we choose a set of representatives 5 of P^/H^^, then {e^ : s G 5} forms a basis for 
as a ;Bx/s-™odule (since —5 is also a set of representatives). 

Generalizing this argument, we get: 
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Proposition 2.10. (See also \LoiO(]^ 2.6].) Let f : X ^ S he a smooth morphism of log schemes 
of characteristic p, with X of relative dimension r over S. Then is locally free of rank p^ as 
a Bx/S'^odule. In fact, if mi, . . . ,mr £ is a logarithmic system of coordinates, then letting 

Oi := Cm, and 9^ := l\l=i ^ ^ ^^ ^^^ii {9^ : I e {0, . . . ,p - ly} forms a basis. 

Proof. Locally, if we have a chart (Q — s- P ~^ Q ^ P),we get as in the example above that 
is free over Bx/s- need to show is that psp/jjsp has p'^ elements. However, psP/ifSP ~ 

¥p (g) (P^P/Q^^) is a vector space over Fp, and when we base extend to we get ^x^g, which is 
locally free of rank r. Therefore, ¥p (P^p/Q^p) has dimension r, and the result follows. Given a 
logarithmic system of coordinates, we may choose the chart so that mi, . . . ,mr are in the image 

of — in which case {J2k=i ^k^k : / € {0, . . . ,p — 1}'"} forms a set of representatives of 
pgp/ijgp. □ 

2.3 The Azumaya Algebra Vx/s 

Our main application of this theory will be to an extension of the ring of PD differential operators 
on X, where f : X ^ S is a smooth morphism of log schemes of characteristic p. We briefly 
review the standard notation: first, D{1) is the logarithmic PD envelope of the diagonal embedding 
A : X ^ X Xs X, and 1^(1) := ^z)(i), which is considered to be an ^x-algebra via the projection 
pi : D{1) X. Then for m G , rjm £ ^(1) is the unique element of the PD ideal in I'(l) such 
that 1 + rjm = aD(i)(P2'^ ~ plm). If mi, . . . , m^ G is a logarithmic system of coordinates (i.e. 
dlog mi, . . . , dlog m^ form a basis for fi^^^), then {Dj : I G N*"} denotes the basis of the ring of PD 

differential operators dual to the basis {r^'-'^l = 11^=1 ^^t^ • ^ ^ '^^ ^(1)- (I^ this paper we will 
not be using the alternate basis {C^^'} of 15(1), where C,rn '■= log(l + r/m), except in the appendix; 
this basis has the property that the dual basis {D^ : / G N^'} satisfies o D'^ = D^^^ .) 

Definition 2.11. Let T)x/s denote the ring of PD differential operators on X relative to S. Then 

Vx/s is the ^^-indexed ^x-algebra A^x '^x/Si given the unique multiplication such that 

A^x ~^ T^x/Si ^ o'X'l and Vx/s ~^ T^x/Si 4> ^ l®*/* are ring homomorphisms, (a(8>l)(l(8'</>) = a(^(f), 
and for each log derivation d, 

(1 ® d){a 1) = (d.a) ^l + a(g)d. 

(Here d.a denotes the evaluation of 9 at a as opposed to composition of PD differential operators, 
where we give A^ the I?x/5-™odule structure corresponding to the canonical connection d on -4^.) 

A straightforward induction shows that in local coordinates, {l'S'Diy){a'S'l) = J2i^n {^) (Dn-i-o-)'^ 
Dj. Thus, this agrees with the definition of 'Dx^ from |Mon02 ] . 

For notational convenience, we will often treat the given maps A^ — > Vx/s-, T^x/s ~^ '^x/s ^s 
embeddings, and thus write a(p in place of (j). We now have an inclusion 

Vx/s PD Diff(^f ) = jrom^^(P(l) Af,Af), 

which sends a section a G to multiplication by a and is compatible with the map T^x/s ~^ 
PD Diff(^^,^^) corresponding to the canonical connection d. (The relation d o a = (d.a) + ad 
holds in PD Diff(^^,^^) since d is multiplicative.) In fact, it is not hard to see that the image is 
exactly the set of PD differential operators (p such that 0(r (g) e^) = (j){T{l + rjs)) • Cg for r G T>{1), 
s G J^f. 

The following result indicates the significance of the ring Vx/s- Recall from [LorOOj that a 
connection V : (f ^ °^ ^ i7-indexed ^^-module E is admissible if and only if 

V(ae) = aV(e) + da whenever a G -4.^, e G 
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Proposition 2.12. Let J he a sheaf of ^x^ets, and let S" he a J-indexed Ax-module with 
integrahle connection V on S . Then V is admissihle if and only if the A^-module structure on S 
and the Vx/s-^odule structure on ^ corresponding to V extend to a Dx/s'^odule structure on ^ . 

Proof. First, note that if we do have such an extension, it must be given by (a ® (j))e = aS/ (f,e. Now 
admissibihty of V is equivalent to the condition that for every log derivation d on X, Va(ae) = 
aVg(e) + d{a)e. Rewriting, this tells us that 

(1 (g) d)[{a (g) l)e] = {d.a ® I + a d)e = d){a l)]e. 

From this the desired equivalence easily follows. □ 

We can also provide a simple crystalline interpretation of the category of P^/^-modules. In 
particular, if : Ti ^ T2 is a morphism in Crys(X/S'), then the natural map g~^^j^^ — > is an 
isomorphism, so g*Aj^ — is also an isomorphism. Hence the functor T 1-^ A^ gives a crystal 
of ^^-indexed ^x/S'^-^g^bras. Now letting T be the logarithmic PD envelope of the diagonal in 
X Xg X with the two projections pi,P2 :T ^ X, for s € ^x' '^^ calculate 

P2{es) = e(o,s) = e(s,o)e(_s,s) = ?'i(es)(l + ??s)- 

(Here {—s,s) S so e(-s,s) = 0(t{—s,s) = 1 + rjg.) Thus the HPD stratification on A^ sends 
1 (g) 65 to <8) (1 + ?7s), and in particular, the connection this crystal defines on A^ agrees with d. 
It is then easy to show: 

Proposition 2.13. Suppose we have a locally nilpotent J-indexed A^-module E with connection 
V. Then V is admissihle if and only if in the corresponding crystal of J-indexed ^x/S'^odules, 
the transition maps 6g : g*ET2 — are g*A^^-linear. 

Hence the category of locally nilpotent J'- indexed Px/s-^odules is equivalent to the category 
of crystals of J'-indexed ^^-modules on Crys(X/S'). 

Theorem 2.14. Let 3 = S'{£^x'/s)j which we embed into Vx/s the map d^dP-d^P\ Let% 
be the center of T>x/s- Then 3 = Bx/s ®ffx' 3 as a suhring of Vx/s ■ 

Proof. If / € Bx/s: then since df = for any log derivation d, we see that / commutes with Vx/s^ 
and it obviously commutes with J^x'^ thus, since T)x/s ^"^^ generate T^x/s ^ ^ ring, we get 

/g3. 

Now choose a system of logarithmic coordinates mi, . . . ,mr G •^x'-' ~ Finally, 

let M = {0, 1, . . . ,p - I}''. Then A^x is a locally free i3x/5-module with local basis {9^ : I ^ M}. 
Thus, T>x/s is generated as a ;Sx/5-algebra by Expressing a section (j) € T>x/s as a sum 

Y,N InDn, and recalling that (p^il^eg) = 4>^is, l)es for (p G T>x/s and s G [Mon02t 4.1.1], we 

now calculate 

[cl),ei]=Y,NifNeiDN^,^; 

N 

[cP,D,^] = -Y,iD,jN)-DN. 

N 

Therefore, (/> G 3 if and only if fjy ^ only for p \ N, and df^ = for each N, i.e. f^ G Bx/s- 
Since the embedding 3 ^ T^x/s sends -D^. to — D^. = -Dp^., so that its image is generated as an 
^x'-™odule by {Dpx ■ N G W}, this completes the proof. □ 

Note that we also get that the centralizer of A^ is A^ (g^^ 3- Denote this by Cx, and consider 
T^x/s as a right Cx-niodule by multiplication on the right. 
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Theorem 2.15. The map Vx/s ^'^Cx ^f^dcxi'^^x/s) multiplication on the left by Vx/s ^^'^ 
on the right by Cx is an isomorphism. 

Proof. It suffices to work locally, so choose a local system of logarithmic coordinates mi, . . . ,mr. 
Then locally, Vx/s Cx has a basis {I ^ 6^ : I e M = {0,1, . . . ,p - 1}'} as a left Px/5-™odule. 
Also, Sndcx^fix/s) has a basis {a/ : I G M} as a left Px/S"™odule, where a/ is the unique 
homomorphism which sends Dj to 5ij. (This is because Vx/s has a basis {Di : I G M} as a right 
Cx-module.) 

We now calculate that 1 (8) 0, acts on Vx/s by sending Dx to OiDx + NiOiDx-ei- Thus, setting 
j3i = 6'ri (g) 6'j - 1 (g) 1, A acts by sending Dx to NiDx-ei - Now letting := HLi /^f ' for K G M, 
this implies that acts on T>x/s by sending I?/ to ^^xy Di-K li I ^ K, and otherwise. 

We thus have 



13' 

Thus, enumerating M in some order compatible with the product partial order, the transition matrix 
from the set {(3^} to the basis {1 (g) 0^ : / G M} of Vx/s '^3 Cx is upper triangular, with units on 
the diagonal, so {(3^ : J G M} is also a basis for Vx/s Cx- Similarly, letting jS"^ also denote the 
corresponding endomorphism on Vx/s^ we have 

Thus, the transition matrix from the set : J G M} to the basis {a/ : / G M} of Sndcx^x/s) 
is lower triangular with units on the diagonal, so : J G M} is also a basis for <§ndcx{Vx/s)- ^ 

Corollary 2.16. The indexed ring Vx/s an Azumaya algebra over its center 3 of rank p^^ , 
where r is the relative dimension of X over S. 

Proof. Since is locally free and thus faithfully flat as a 0x/s-™odule, Cx — ®Bx/s ^ 
a faithfully flat extension of 3, and by the previous theorem Vx/s splits over Cx with splitting 
module Vx/s- Since Vx/s has a basis {Dj : I £ {0, . . . ,p — l}*"} as a right Cx-module, the rank 
must be p^, so Vx/s has rank p'^^ over 3- □ 

As an application, we can recover the main result of [LorOO] as follows. Consider Bx/s as a 
3-algebra via base extension of the quotient map S'{£^x'/s) ~^ S' [^x' / s) / {^x' / s) — ^X'-, and 
let Vq := Vx/s ®^^x/s- Then A^x ^ locally free ;Bx/s-™odule of rank p^ (compatible with the 3- 
algebra structure oiBx/s since the connection d is p-integrable) , which has a structure of left module 
over Vq. Therefore, Vx/s splits over Bx/Si and for J a sheaf of ^^-sets we get an equivalence 
between the ^/-indexed ;Bx/5-modules and the J'-indexed left Po-modules, or equivalently the J'- 
indexed ^^-modules with integrable, p-integrable, admissible connections. This equivalence sends 
a ;Sx/5-module ^ to '^Bx/s ^ with the connection acting on and it sends an ^^-module 
S with connection V to M' omf,J^A^l , ) ~ ^g'^. 
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3. The Fundamental Extension 

Definition 3.1. Suppose we are given a morphism f : X ^ S of fine log schemes of characteristic 
p. Then a lifting of f modulo p" is a map / : X ^ S" of fine log schemes flat over Z/p" which fits 
into a cartesian square 

X > X 

s > s, 

where S ^ S is the closed immersion defined by p. 

Note that since Spec(Z/p) Spec(Z/p") is an exact closed immersion, so are the base extensions 
X ^ X and 5 — > 5. If / is smooth, respectively etale, resp. integral, resp. exact, so is /. We will 
mostly be interested in liftings modulo p^, which is what we will mean if we do not specify n. 

For the rest of the paper, we suppose we are given an integral smooth morphism f : X ^ S 
of fine log schemes of characteristic p, with a given lifting of X' — > S* modulo p^, X' S. We 
denote these data hy X/S := {X ^ S,X' ^ S). For example, if / : X — > S has a given lifting 
f : X ^ S, and Fs has a lifting Fg : S ^ S, we may define X" to be the pullback of F^ and 
/. Then since X' X" is etale, there is a unique lifting X' — > X" . Alternately, a smooth lifting 
exists if H^{X', S^x' js) — Oi i'^ particular if X is affine or if X is a curve over a field fc, and since 
we assume X — > 5 integral, a smooth lifting is automatically a lifting in the sense defined above. 

As in [QV| . we will use a lifting X' jS to construct a canonical sheaf of i^x-algebras Yixis 
with multiplicative connection, along with a natural filtration A^. on K-x/s such that NilCx/s — 
S^{NiK,x /s) a short exact sequence 

^ ^ NiKx/s ^ ^ 

in which the maps are horizontal. 



3.1 Torsors over Locally Free Sheaves 

In this section we give the general construction which gives rise to KLx/s- 

Lemma 3.2. Let X he a ringed topos, with a locally free ^x-^^odule of finite rank; let Q := 
^ = M'omff^^^ ^ ^x)- Suppose we have a ^-torsor C. 

i) There exists an ^x-s-lgebra IC such that C is isomorphic to the sheaf of ffx-algehra homo- 
morphisms IC — > ^x- Furthermore, there is a canonical cotorsor structure on /C consisting of 
a coaction map IC ^ K, ® S'Vl and a cosubtraction map S O, ^ K, ® IC, such that the action of 
D E ^ on £ corresponds to composition with the automorphism 

jc^jc^s-n '"^^^ K. 

ii) There is a canonical filtration N. on IC such that letting £ := NilC, we have ~ NilC via 
the natural map S^£ — s- IC. 

iii) There is a canonical locally split exact sequence 

O^^x^S^^^O. 

iv) If X is the Zariski topos on a scheme, then IC is quasicoherent, and the affine scheme T(£) := 
Spec/C over X represents the functor C 

v) If X is the crystalline topos on a scheme over S, and ^ is a crystal of ^x/S'^'^'^^^^^j then £ 
and IC are also crystals of i^x/s -'modules and ^x/5-steet)ras, respectively. 
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Proof. We first construct £ as the subsheaf of J^om{jC, Gx) consisting of morphisms 4> : L ^ Gx 
such that for any local section a of £, the function ^ Gx, D (p{a + D) — (p{a), is i^x-hncar. 
Note that for any object U of X, if this is true for one a £ C,{U), it is true for all a G C{U), and in 
this case, the function is independent of the choice of a. 

To get the exact sequence, note that any constant function on £ is in £; this gives an injection 
Gx S. Also, given <p E 8^ as we remarked above, the map £^ Gx^ D (j){a + D) — (t>ia), 
is independent of the choice of a; thus, gluing gives a global map ^ — > ffx, which induces a map 
£ ^ n.To see this is a locally split surjection, given a section a G £, we define a splitting aa ■ ^ ^ £ 
by aa{uj){b) = {uj, b — a). Now it is clear that the sequence in (iii) is exact, since the kernel oi £ ^ Q 
comprises exactly the constant functions C 0x- 

Now the injection 6x £ induces an injection S^{£) S'^^^{£) for each n ^ 0; we now define 
/C := lim S^{£). Then /C has a natural filtration where NiK, is the image of S'^£ in the direct limit. 

Also, an ^x-algebra homomorphism /C — > Gx is equivalent to an ^x-hnear map £ — ^ Gx which 
maps the constant function with value 1 to 1; that is, a splitting of the above exact sequence on 
the left. The sheaf of such splittings forms a =>^-torsor, where D £ 3/' acts on the set of splittings 
by addition of the composition of : O — > ffx with the projection £ ^ Vl. Moreover, there is a 
morphism of torsors from C to the torsor of left splittings given by a i-^ €„, where Ea £ ^ Gx is 
evaluation at a. This establishes the desired property of /C. This, in turn, easily implies that Spec /C 
represents the functor £ on a Zariski topos. 

We now have a map £ ^ £ which sends ^££io<^®\ + \®'jj^, where oj^ is the image of 
^ in O. Since a constant function a maps to a (8) 1, this extends to a coaction map K. ^ K,® S O,. 
Similarly, a local splitting aa of the sequence in (iii) induces a map l(8)(Ta — (Ta(8>l : Q ^ £ ^ £, 
which is independent of a since the image of — o"ai consists of constant functions. Thus, these 
local maps glue to a global map 0, ^ £ ^ £ , which extends to a cosubtraction map S'Q ^ fC® KL. 

Finally, if X is a crystalline topos, then any extension of crystals is automatically another crystal. 
Thus, £ and therefore K, are also crystals. □ 



3.2 Liftings of Frobenius as a Crystal 

We consider the crystalline sites Cxys{X/S) and Crys(X/S'). If (U,T) is an object of Crys(X/S'), 
then since U is defined by a divided power ideal It in T, = for any a € It- Therefore, the map 
T T" factors through U" . We thus get a commutative diagram 

U U' 



T U" 

However, since the map U' — > U" is etale, and ^ T is an exact thickening, there exists a unique 
map T ^ U' making the above diagram commute. We lei fT / s '■ T X' denote the composition of 
this map with the open embedding U' X'. Note that the pullback map f^^g '■ ^x'/s ~^ fT/s*^T/s 
is zero. To see this, we may assume X = U; in this case, let i' : U' T' be the closed immersion. 
Then after composing with the natural surjection i'* : — > we get the map f^^gi'* = 

^T/S = 0- 

Definition 3.3. Let T be an object of Crys(X/5) which is flat over S, and let T be the closed 
subscheme defined by p. 

i) A lifting of fT/s to T is & lifting F : T ^ X' over S modulo p'^. Cx/s^) is the set of all such 
liftings, and Cp^jg f is the sheaf on T of local liftings of fT/s- 
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ii) A lifting of f^/s is a pair (T", F) where T' is a flat object of Crys(X/S') and F : f' ^ X' is a 
lifting of fx/s to T'. An isomorphism {Ti,Fi) — > (T2,F2) is a map g : Ti ^ T2 which reduces 
to the identity on T and such that ^1 = ^2° 9- ^x/s,T is the sheaf on T associated to the 
presheaf of isomorphism classes of local liftings of fT/s- 

Since X' is smooth over S, liftings of f^/s to T exist locally on T, so C-x/sf nonempty 
stalks. A map g : Ti — > T2 induces a map Cx/sio) '■ ^x/s{'i'2) ^x/si^i), defined hy F F o g. 
Now ^x/sf i^ ^ torsor over J^om^^ ^t) — fx/s'^^' /s- "^iii show that this torsor 
has a natural structure of a sheaf on Crys(X/S'), compatible with the crystal structure of the 
crystal F^^^^x' /s^ which maps T G Crys(X/S') to f^^g^x' /s- (The corresponding connection is 
the Frobenius descent connection on F^/s'^X' /s-) 

Lemma 3.4. Let Ti and T2 he two fiat objects of Crys(X/S), and let gi,g2 '■ Ti T2 be two 
morphisms with tlie same reduction g : Ti ^ T2 modulo p. 

i) ^x/s{9i) = ^x/sih) as maps Cx/s{T2) ^ Cx/s{Ti). 

ii) For any Eat object T € Crys(X/5), the natural map ^x/sf ~^ ^X/S,T is an isomorphism, 
where T is the reduction of T modulo p. 

Proof. For F G Cx/s{T2)^ consider the commutative diagram 

Ti f2 X' 



A 



A' 



f, TsX^Ts ^ X'x^X'. 

Then the left square induces the map h : expressing the difference between gi 

and and the right square induces the map F* : F*n]. - n!f, -. Thus, overall the dia gram 

Ji. / J ±2 / iJ 

induces the map h o g*{f^^^g) : 9* fT2/s^x' /s ~^ ^^i' which is zero since f^^/g = 0. This implies 
that {F o gi, F o g2) : fi ^ X' X ^ X' factors through A', so F o gi = F o g2. 

To prove (ii) it suffices to prove the map is an isomorphism on stalks. Thus, for t G T, if (T', F) 
is a lifting of fx/s on a neighborhood of t, then locally at t we have an isomorphism T ~ T', 
showing surjectivity. For injectivity, if F, F' € Cx/si^) become equal in Cx/s,t^ then there is an 
automorphism of T which reduces to the identity modulo p and which carries F to F' . But then by 
(i), F = F'. □ 

Hence given a map g : Ti ^ T2, we can define a map 6g : g~^ ^x/s,T2 ~^ ^x/s,Ti by gluing 
the maps Cx/s{9) for local liftings g of g. It is easy to see this map satisfies the cocycle condition 
Ohg = 6h° h-^Og. Also, since F2og-Fiog = g*{F2 - Fi) : 9*fT2/s^x'/s ^ ^r Fi G Cx/s,T2 if 
g : Ti ^ T2 lifts g, 9g respects the torsor structure. 

Thus from (j3.2|) we get a crystal JCx/s with filtration A^. , along with an extension 

(5) 

of crystals, where £x/s '■= ^i^x/s- 

We have an alternate construction of £x/s-> and hence K-x/s ~ ii™ ^'^{^x/s)-: as follows: given 

an object T G Crys(X/5) which is flat over S, we define £x/sf ^o be the logarithmic conormal 
sheaf of the closed immersion 

T xs X' XgX' , 
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where T is the reduction of T modulo p, and F is the graph fx/s '■ ^ ^ X' . The functoriahty 

properties of the conormal sheaf ahow us to define maps 9g : g*£x/sf2 ~^ ^x/sfi ^"-"^ 9 '■ Ti ^ T2, 
which it is possible to show depend only on the reduction g : Ti ^ T2 oi g modulo p. We then glue 
together ^'^j^/^ f to get the sheaves £x/s,T- The exact sequence above comes from the exact sequence 
^*^fxX'/TxX' ~^ '-^fxX'/T ~^ '-^TxX' /T ~^ 0. To connect this to the previous construction, observe 
that given F € ^x/s T' refactor the closed immersion above as 

The corresponding map -y^^X'/T ~^ -y^f/j- gives a map S^/sf ~^ Thus, for each element of 
£x/s T' S^* ^ map Cxjs f ~^ ^T', it is then possible to show this map is in NiK^ /s,Ti ^"^^ that 
the induced map £x/sf ~^ ^i^x/s,T is an isomorphism of extensions of f^/s^x'/s 

3.3 Explicit Formulas: Connection and p-curvature 

We now calculate the corresponding connection on £x/s and its p-curvature. The answer involves 
the following construction: suppose we have a lifting F : X ^ X' oi Fx/s- Then since i^^^g : 
/s ~^ ^^/s*^x/s ^® map, F* : ^j^,^^ *^\:/s ^ niultiple of p. Hence there is a 

unique map Cp : ^x,/g — > ™aking the following diagram commute: 

\P] 

^X'/S ' ^x/s*^x/s- 

Now since (UD is an exact sequence of crystals, the only nontrivial part of the connection V on 
£x/s — ^x © ^xjS^X' IS ^^'^ paxX which maps Fxjs^X' js *° ® similarly for the 

p-curvature ^(V). (Note that the splitting Exjs — ^x®Fxjs^X' js depends on a lifting F of Fx/s-) 

Proposition 3.6. Let F and Cp ^ above. 

i) (Mazur's Formula) Cp factors through Fxis*'^\js induces a splitting of the exact sequence 

1 1 / S ]^ 

Fx/s*Bx/s Fx/s*Zx/s — ' ^x'/s ^ 0' 
where Cx/s i^ Cartier operator. 

ii) The connection V on £x/s satisfies 

{ep (g) id) o V o = -(^ : F^/sfi^,/^ ^ O^/g. 

iii) The p-curvature -0 of V is equal to the composition 

£x/s ^x/s^x'/s ^x/s ® Px/s^x'/s^ 
where i : ^x — > £x/s i^ inclusion map. 

Proof. For m € ^x'^ ^ ^ ^ liftings of m and 7r*m G respectively. 

Then u := F*{m') — pm reduces to in , so tt £ aj^{u) = 1 + [p\b for some h G i^x- 

Therefore, 

^ do-ivi] 

MCpidlogi-K* m)) = F* idlogirh')) = dlogipm) H -— = [pi dlog(m) + \p]db. 

a[u) 
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Thus Ci7.(f^log(vr*m)) = dlog(m) + db e Z]^^g and Cx/s(CF(c?log(7r*m))) = Cx/sid^og{m)) = 
dlog(7r*m) as required. Since {dlog{TT*m) : m € ^x'} generates ^xr/g as an ^x'-™odule, this 
proves (i). 

To prove (ii), let T be the first infinitesimal neighborhood of X in X Xs X and T the first 
infinitesimal neighborhood of X in X Xg X, with its two natural projections pi,p2 ■ T ^ X . Then 

for 00 G -^x/S^X'/S' ^^^y *° ^^^^ ^Pi^F(^) = ^FopiiPi^) — ^FopS^ ® ^° 

= {uj,F opi - F 0P2). 

However, by definition, the map F opi — F op2 : fx/s^x'/s ~^ ^'^ induced by pullback along the 
map {F o p2, F o pi) : T ^ X[, where X[ is the first infinitesimal neighborhood (in the logarithmic 
sense) of the diagonal in X' x^X'. Now this map can be factored as the transposition map {p2,Pi) '■ 
T ^ T, which induces the map -1 : n^-,- fil- followed by the map F x F : f ^ X[, which 

X / o X I J 

induces the map F* : F*Q}- - ^\ria- Therefore, F o pi — F o p2 is the map induced by —F*, 

X I b X 1 

which is exactly —C,p- 

Now for the p-curvature, since ip = Q on Gx and on the quotient -Px/5^x75' induces an 
endomorphism on -^x/s^X'/S' need to show this endomorphism is the identity. It suffices to show 
that for D' G ^x'/s and uj G O^,^^, we have ■0£)'(c7^(l (X'to')) = F^^g{ijj,D'). Furthermore, it suffices 
to consider the case in which u = cilog(7r*m) for m G and D' = 7r*D for D = {d,S) G ^xjs- 
Thus, suppose C,p{u)) = cilog(m) + dh for h G Gx- Then Vi:)(a"^(l ® u;)) = —8m — db € ffx, so 

V^(c7^(l u;)) = -dP~\6m) - d'^P^b. 

On the other hand, since we have 

Vb(p)(ct^(10w)) = -dP~H6m) - F;^{6m) - d^Ph. 

Thus ipD'{(^p{^ 'S' dlog{m))) = F^{6m) = F^^^(a;,Z)') as required. □ 

Proposition 3.7. Let ip : IC^/s ~^ ^x/s'^ Px/s^'x' /s the p-curvature of the canonical connec- 
tion on K,xjs- Then there is a canonical commutative diagram 

JCx/s — ^ ^x/s ^ T'x/s^x'/s 



^T(£) ' ^T(£)/X' 

in which the vertical arrows are isomorphisms. (Here we give T{Cx/s) ^he log structure induced by 
that ofX.) 

Proof. Since JC^/s is a crystal of ^x/5-algebras, the corresponding connection on JC^/s satisfies 
the Leibniz rule, so its p-curvature does also. Hence ^ is a derivation which annihilates 0'x', it will 
suffice to show it is the universal derivation on K-x/s over i^x- Given any derivation D : KLx/s ~^ 
over X, the restriction of D to S-xjs factors through the quotient map to -Px/5^x75' T\\& ^x-linear 
map -^x/s^X'/s ~^ ''^ induces a /C;^;'/5-linear map K^xjs ® ^x/s^\' /s ~^ ■ Using the formula for 
^ from (j3.6p . we easily see that the composition of this map with ■0 agrees with D on Ex is- Since 
S-xis generates /C;f/5 as a ring and both D and ^ satisfy the Leibniz rule, this shows that D factors 
through -0. □ 
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Global liftings of Fx/s rarely exist; this limits the effectiveness of generating elements of £x/s 
using Gp and the inclusion of ffx- On the other hand, global liftings of t^x/s '■ X' ^ X exist more 
often. For example, in the situation in which the lifting X' ^ S comes from a lifting Fg of Fs, we 
can define vf to be the map X' — > X" composed with the projection X" = X x p. S ^ X . The 
following result gives an alternate way to generate elements of S^/s using tt instead of F. 



Proposition 3.8. Suppose that n : X' ^ X hfts ttx/s ■ X' ^ X. Then there is a unique map 
fijrirfi) : £x/s such that for each section rh G each local lifting F of Fx/s, have 

1 + \p]Pn{'m){F) = a<^{F*TT*m-pm). 

Furthermore: 

i) /?s induces a surjective map ®i &x £x/s- 

ii) We have 

[p\a{mY l5i{m){F) = F*ra{m) - a{mf . 
(Thus if we define 8^:6^^^ ^x/s so that \p\bi{a){F) = F*TT*a - aP, then 

a{mY (3ji-{m) = (5^(a(m)). 

This map 5^ matches the construction of 6^^ in the nonlogarithmic case jOV| . ) 

iii) The following diagram commutes: 



X 

X/S 



l(><D(d log OTT*) 



^ X/S^^X'/S- 



iv) IfF : X 



X' lifts Fx/s, ^-'len for each m G -^^j 



(5i{m) = (3i{m){F) + ap{l dlog(^*m)), 



where m G is the reduction of rh. 
v) For every local section rh of lifting some m G ^<^t ^ ; 

V j3i{rh) = — 1 ® (i log m, 
ipPjfirh) = 1 (g) (1 (g) (ilog(7r*m)). 

Proof. The pullback of F*Tr*rh—prh to X is F^^gTT*m — pm = 0, which implies F*Tr*rh—prh G 



X 



since the inclusion X ^ X is exact, and aj^{F*TT*rh — pm) pulls back to 1 in X and is therefore in 
1 + [p]i^x- Now for Fi,F2 G Cx/s, have 

a^(F2*^*m- Fi*#*m) = 1 + [p](filog(7r*m), Fa - h)- 

Multiplying this by the equation aj^{F^TT*rh — pm) = 1 + (?fi)(Fi), we get 

a^{F^rrh - Firrh) = 1 + [p] (m) (Fi ) + (dlog(7r*m), F2 - ^i)) = 1 + (m)(F2). 

Hence j3ji{rh){F2) — Pn{rh){Fi) = (7r*(dlog m), F2 — -^1); this proves that Pn^rh) G £x/s S'Ud also 
shows the commutativity of the right square in (iii). 

Now multiplying both sides of the equation defining /?^(m) by a{prh), we get 

a^{m)P + \p]a{m)Pp^{F) = a<^{F*n*m). 
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Subtracting aj^(rh)P from both sides gives (ii). In particular, if a{m) = 1 + [p]a, then a{m)P = 1, 
while F*TT*a{m) = l + [p]F^a, so (ii) reduces to (m) = \p\F^a, which shows the commutativity 
of the left square in (iii) . 

To prove (i), we first show /^jf is additive. To see this, we multiply the equations defining /3*(mi) 
and /?7r(m2) to get 

1 + \p\iPnirhi) + /?^(m2))(F) = a^(F*7r*(mi + ma) - p{mi + ma)) = 1 + \p]Pn{rhi + m2){F). 

Combining this fact with (iii) easily proves (i). 

The formula for the p-curvature in (v) follows directly from (iii). Also, it suffices to verify the 
formula for V/3s-(m) locally, so we may assume we have a lifting F of Fx/s- Let gm := l3j^{fh){F); 
then from (iii) we conclude V I3^{rh) = 1® dgm — 1 C^('^log(7r*m)). On the other hand, 

F*{dlog{7T*m)) = \p] d\og{m) + dlog{F*TT*ih — prh) 

= [p] dlog(m) + + = \p] dlog(m) + Mdgrn. 

1 + \p\gm 

Hence C^((ilog(7r*m)) = dlog{m) + dgm, and V/3^(?fi) = — 1 c?log(m) as required. □ 

In terms of the construction of £x/s as a conormal sheaf, we can characterize /3^f as follows: for 
m G the puUback of {—prh, 7f*m) G ^^^j^^ to is 0, which implies that it becomes a unit 

in the first infinitesimal neighborhood Xi of X in X x ^ X'. Then /3#(m) = axi{—p'hi,Tr*rh) — 1. 
3.4 Functoriality 

The geometric construction of /s given above makes it straightforward to check its functoriality. 
First we treat the general functoriality properties of T{C). 

Lemma 3.9. Suppose wc have a morphism h : X ^ Y of ringed topoi. 

i) Let ^ be a map of locally free sheaves on X, and let Qj := Then for C\ a 3'\-torsor, 
let £.2 '■= C,\l\ff-^^2 be the ^2-iorsor induced from C (Note that this is the unique ^2-torsor £2 
with a map C\ — >■ C2 respecting the actions.) Then letting fC-i he the ^x-s-lgebra representing 
Ci, we have a natural map /C2 — > /Ci respecting the filtration N., and the restriction to £2 £1 
fits into a commutative diagram 

> ^x > £2 ^ ^^2 ^ 

id 

> Gx > £\ > f^i > 0. 

ii) Let ^ be a locally free sheaf on Y, and let C he an ^-torsor on Y. Then we have a natural 
isomorphism h*ICc — K,h*c respecting the filtration N., where h* L := h~^C A/j-i h* ^ is the 
induced h* ^-torsor. Furthermore, the restriction h*£c — £h*C isomorphism of extensions 
ofh*n hyffx- 

Proof. For (i), the map £2 £\ is induced by composition with the map L\ C2- Since the map 
Ci C2 respects the actions of and ^2, wc sec that the image of £2 is in fact contained in fi, 
and we also get the commutativity of the right square in the diagram above. The commutativity of 
the left square is obvious. This induces the map IC2 ^ K^i- 

For (ii), we have a map from h~^jO. to the /i*=^-torsor of splittings of 

^ h*^Y h*£c -^h*n^O 

on the left, which for a G £ sends h''^a G h~^C to h*ea, where is evaluation at a. This induces 
a morphism of /t* =^-torsors from h*jC to the torsor of splittings. However, the torsor of splittings 
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determines an extension uniquely; to see this, given an extension — ^ — £^ ^ O — > 0, the dual 
is an extension 

^ ^ £ ^ ^ 0. 

Then the torsor of splittings is just the inverse image of 1 G ffx in £; however, taking the inverse 
image of 1 is exactly the canonical isomorphism Ext^(^x, — H^{X, Therefore, we get an 
isomorphism of extensions of h*^ by 6xi h*£c — £h*C- Again, this easily extends to an isomorphism 
h*lCc ^ K,h*c- □ 

By a morphism X/S ^ y/S we mean a map h : X along with a lifting h' : X' —>■ Y' of h'. 

Proposition 3.10. A morphism {h,h') : XjS y/S, where X and Y arc smooth S-schcmes, 
induces a horizontal morphism Oy^j^, : h*)Cy/g — > KLx/s respecting the filtration N., such that the 
restriction to h*£y/s ^xjs ^^^o a commutative diagram 

h*ffY ^ h*£yis > h*F^jg9\„jg > 

> Gx > £x/s ^ ^x/s^x'/s ' 0- 

Here the map h* Gx is the standard isomorphism, and the map h*FY/g^Y,/g — Fx/sh'*^Y'/s ~ 

Fx/S^\c' /S puUback by F^jg of the natural map h'*nY'/s ~^ ^X'/S' 

For fixed h, let h[, h'2 he two liftings of h! , and let D : h'*QY,^g Gx' express their difference. 
Then 9f^j^, — ^j/ : h*£y/s — £x/s is composition of the projection h*£y/s — h*FY/g^Y,^g, 
the map 

and the inclusion Gx ^x/s- 

Proof. Let Ti,T2 be objects of Crys(X/S'), Crys(y/S'), respectively, and let g : Ti ^ T2 he a PD 
morphism extending h : X ^ Y. (Thus g is a section of h-^T2{Ti).) Then as in the construction of 
the crystalline structure oi C^/Si composing with liftings g of g induces a morphism of h*FY/g^Y' /S' 
torsors g*Cy/s T2 ~^ ^y/S,x,Tii where Cyfs,x,Ti denotes the sheaf of liftings of /tj/s ° 9 '■ X ^ Y' . 
This is clearly compatible with the transition maps for Cyis^x and Cyjs, so wc get a morphism 
of sheaves h*Cy/g ^y/s,x o^i the crystalline site Crys(X/S'). On the other hand, composing a 
lifting Ti —>■ X' with h' gives a morphism of torsors Cx/s ~^ ^y/s,x- Thus, overall, h and h' induce 
a morphism of torsors Cx js f^STx ^1 ^ l^yiSi which induces the desired map 

Now given ~h!^,~h!2 : X' ^ Y' with difference D : h'*^Y,^g —^ Gx', for F G Cx/s, we have 
h'^oF -h'^oF = F^jg{D) : F^^gh'*^]., Gx- Thus, for G £y/s with image w G F*/^^^,^^, 

i^h,h',^ - ^h,h',^)iF) = {0h<P)Ch'2 o F) - {9h^)Ch[ o F) = {h*uj, h'2oF-h[oF), 
which implies that d^^j^icj) — 0^ ^, is the constant {F^^gD){u;). □ 

Corollary 3.11. A morphism {h,h') : XjS y/S, where X and Y are smooth S-schemes, 
induces an exact sequence 

^*^y/s £x/s ^x/s^x'/y ~^ 0- 
If h is smooth, this sequence is short exact and locally split. Similarly, if h is a closed immersion 
and Fx/s is flat, there is an exact and locally split sequence 

Fx/S'^Y'/X' h*£y/s £x/s 0- 
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4. The Cartier Transform 
4.1 PD Higgs Fields and p-crystals 

Suppose we are given a lifting X'/S of X'/S; we shall see that X/S := {X/S,X' /S) determines 
a splitting of the Azumaya algebra Vx/s over Bx/s ®Gx' where Q is the nilpotent divided 
power envelope of the zero section of the cotangent bundle of X'/S, so that ffg = T.r'^x'/s- We 
thus let ^1 := Bx/s ^Gx' - 3 (^s-.yxi/s ^G' where 3 is the center of Vx/s- We also let := 
®ex' - ®Bxis and V\i^ := Vx/s ®l ^| - ^x/s ®s-ffx'is ^G- 

Fix an ^^-set J . We denote by }ilG^Y)(X' / S) the category of J"-indcxcd i^g -modules, or 
equivalently the category of J^-indexed fi^/^-modules E' equipped with a ;Bx/s-linear ^-Higgs field 

Similarly, we denote by MICpjj{X/ S) the category of jj-indexed P^^^-modules. An object of 

M ICpjj {X/ S) is equivalent to a J'-indexed ^^-module E with an integrable and admissible con- 
nection V, along with an ^^-linear ^/-Higgs field 

e : ffg ^ Fx/s*^nd^^iE) 

extending the F-Higgs field 

^ : S-£rx,/s ^ Fx/s*^nd^,^{E) 

given by the p-curvature of V. We also let MIC^jy,{X/S) and HIGfjjXX' / S) be the fuU subcat- 
egories of locally nilpotent objects of MICpp,{X/ S) and HIGpp,{X' / S), respectively, that is, the 
objects such that every element of E or E' is annihilated by a sufficiently high power of T^r!^x'/S- 

For example, let MICf{X/S) be the category of v4|^-modules with integrable, admissible con- 
nection V such that the p-curvature V' is nilpotent of level ^ i\ then for £ < p we may consider 
MIC f {X/S) as a fuh subcategory of MIC^p,{X/S) by letting T^p^x'/S act as zero. Now the 
convolution product coming from the group scheme structure of Q allows us to make MICpp){X/S) 
and HIGpj-){X' /S) into tensor categories; in particular, the total ^-Higgs field on a tensor product 
is given by 

i+j=n 

Note that, in particular, 0(£)/)[p] can be nonzero on Ei ®E2 even if Ei,E2 G MICf-{X/S) for £ <p. 

We shall see that the Azumaya algebra Vx/s splits over ffg, which gives a Riemann-Hilbert 
correspondence between MICpp,X^/ ^) HIG^p,XX' / S). We shall also use this splitting to get 
a Riemann-Hilbert correspondence for certain ^x-modules with connection. For this, let Vl^j^ : = 
Vx/s ^s-Sx/s ^6' and let MICpd{X/S) and HIGpd{X'/S) be the categories of V]^^^- and ^g- 
modules, respectively. We also let MICpd-{X/ S) and HIGpd-{X' / S) be the corresponding full 
subcategories of locally nilpotent objects. 

We can provide interpretations of the categories MICpd-{X/S) and MICpj^X^/S) which are 
crystalline in nature. Our motivation for the following theory is the fact that the ring of differential 
operators on X over S is very similar to T.£^x/Si except for the fact that it is noncommutative. 
Thus, in our theory we will allow pth divided powers of elements of the ideal of the diagonal in 
XsX, in order to preserve the action of the image of : F^/s^X' /s ~^ 'T^x/Sj but no higher divided 
powers. 

In particular, define a p-PD ring A to be an algebra over a given ring B of characteristic p, with 
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an ideal I oi B such that /^^^ := {x^ : x E 1} = (0), and a map ^yp : I —>■ A satisfying 



Ipix + y) = ip{x) + -ip{y) + ^ 



7p(Aa;) = X^jpix). 

As usual, we write x^^ := 7p(x). Similarly to the case of full PD ideals, we can show that there is 
a left adjoint ^R,{p) to the functor (A, B,/,7) i— > / from the category of p-PD rings over R to the 
category of i?-moduIcs. Similarly, given a closed immersion Y ^ X, there is a right universal p-PD 
scheme Dy^i^,) with an exact closed immersion Y — > I?y^o,{p) defined by the p-PD ideal of Dy^^p) and 
a map -Dy^o,(p) ~^ ^^^^ ^Y,{p) the p-PD envelope of y. (Here Dy ^^-^ corresponds to A, and 

Z)yo,(p) corresponds to B.) We now define Crys^^) (X/S') as the category of tuples {U,T,V,i, f,jp), 
where U is an open subscheme of X, / : F ^ T is a strict affine map, and i : U ^ T is an exact 
closed immersion defined by a p-PD ideal {Ixilp '■ f*^v)- For example, for each n we may 

define D^p^in) € Crys^^^ (X/^) to be the p-PD envelope of the diagonal embedding A : X — > X'^'^^. 
Also, for {U,T,i,j) G Crys(X/S'), we have an object {U,T,T, i, id, ^p) G CryS(^^{X/S), so that we 
may regard Crys(X/S') as a (full) subcategory of Crys(p-)(X/S'). We let ffx/s be the sheaf of rings 
on Crys(p) (X/S") which to {U,T,V,i, f,^p) associates ^y. 

Locally on X, if we have a logarithmic system of coordinates mi, . . . ,mr, then as usual define 
rii := a£)g j^^(i)(— mj, mi) — 1. Then a basis for P(p)(l) := ^D(p)(i) ^ an ^x-module is {q^'q^'^Y : 
7 G M := {0, . . . ,p - 1}'', J e W}, and ^^i^ ^^^(i) has basis {rj^ : I e M}. Also, we have a natural 
p-PD morphism S : I'(p)(l) — >■ ^(p)(l) ^(p)(1) ^^^b that 5(1 + m) = (1 + rji) (8) (1 + ??i), which 
allows us to define composition on the ring V^p-^ x/s •= =^o'TZ^^(P(p)(l), ^x) of p-HPD differential 
operators ^x ^x- 

Proposition 4.1. The following data are equivalent: 

i) An object E of MICpd.{X/S). 

ii) A ring homomorphism 'D(p)^x/S ~^ ^ora^^ (^(p) (1) 'S' E, E). 

iii) A p-HPD stratification e : ©(^^(l) E ^ E ® 2?(p)(l) satisfying the natural cocycle condition. 

iv) A crystal E of &x/s-^odules on the site CryS(p-) (X/S*) . 

Proof. The proof follows as in the case of regular crystals once we establish an isomorphism 
D'^^g ~ ^(p),x/5- To define this isomorphism, first note that we have a natural map D{1) Z)(p)(l) 

since D{1) is a member of CryS(p)(X/S'); this induces a ring homomorphism T^x/s ^ '^{p).x/s 
by pushforward. Also, if / is the p-PD ideal of X'o,(p)(l)) then we have a natural isomorphism 
'^'■^X/S^X'/S ^ ■^(p)(l)/^-^(p)(l) defined by 1 iX) tt*i^ <^t^^. This gives a natural isomorphism 
^■^x/s^x'/s - iI'^{p)i^)Y- Furthermore, since (5(a;W) = cjW ,g, i + l(g)Jp\ (mod /P(p)(l)) for w G 
becomes the comultiplication on S'F^^gQ^,^^, and since 1®/ — / (g)! G/for/G ^x, com- 
position is dual to this comultiplication map. This implies that the map T.F^,g^x'/s — (-^^(p)(l))"'" 
is in fact a ring homomorphism. It is easy to see the two maps agree on S'F^^g^x'/s^ a local 
calculation below will show that the image of Vx/s commutes with (7X>(p)(l))-'-, so we get a map 
^x/s ^PlX/S- 

To prove this gives an isomorphism, it suffices to work locally, so assume we have a system 
of logarithmic coordinates mi , . . . , m^ . Define ((^+p-^> := {(^P^y^ / II for / G M and J G N^ and 
let {i5(Ar)} be the dual basis of :P(p),x/s to {C^^^}- Now {Dj ® (£>')^"^' : / G M, J G N''} forms a 
completion basis for Dj^^g', we claim that our map sends Dj^^D')^"^ to D^j^pj^, which will complete 
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the proof. It is easy to check that the map T>x/s ^ '^(p).x/s sends Dj to D^/^ for / E M, and the 

map T.F^^^.Tx' /s — > i'(p),x/s sends (D')^'^^ to Di^^jy, thus, it will suffice to show D^/^ o Di^j^ = 

D{pj) o D(^j) = D^^pj). However, for A € M, we have (5(?7<^^) = (r/^l + l^rz + T?® ri)^/A\. 
If we reduce modulo 1 ® I2?(p)(l), the only nonzero term in the expansion of this expression is 
(r? = r?^'^^ (8) 1. Thus, for ^ G M and B G W, 

^(^(A+pB>^ = (r/^-^) (g) 1)(?7W ® 1 + 1 r/W)-^ 



^ (^)^^^+^^''"''^^ ^ ^^^""^ (mod 1 ® 



Applying id^D^pj) gives j^^^+pC^"-^)) , and applying D^^ to this gives 5ai^bj = 6a+pB,i+pJ] this 
shows that D^/^ o -D(pj) = D(^j^pjy Similarly, reducing 5{r]^^^) modulo /X>(p)(l) 1 gives 1 (8) ?7^"^\ 
so reducing ,5(r/<^+?'^)) gives Ed^i^ (^)?7<^'^^~-°)> Hence D^pj) o D^i){ri^^+P^)) = SaiSbj, 

and o D{i) = D^i+pjy □ 

Note that in particular the constructions from the previous chapter easily extend to give crystals 
£x/s f'lid ICx/s oil Crys^p) (X/S) , so they have canonical structures of Z)^y^-module. In particular, 

for {U,f, V) e CryS(p)(X/S), S^^/^y is the conormal sheaf of V ^ VsX' ^VgX', where T is the 

graph of fv/S: the composition of the map V with /t/s- Similarly, MIC'^^,{^/S) is equivalent 
to the category of p-crystals of ^^-modules. 

4.2 The Global Cartier Transform 

Given a lifting X' ^ S oi X' over S, we locally have isomorphisms }Cx/s — ^' ^x/S^X' /s^ ^^'^ ^^^^ 
K^x/S = '^omff^{JCx/s,^x) — ^-^x/S^X' /S — ^x/S^Q- connection on 

iCx/s extends naturally to a P^^^-module structure, and A^®ff^ K^^/^ is a locally free ^g^-module 
of rank 1 (with basis 1 (g) for F a lifting of Fx/s)- However, &g ~ ®Bx/s -^x locally free of 
rank p*^ over Hence A^ ®ffx ^x/S is a splitting module for T)x/s over ffg, immediately giving 
the following equivalence. 

Theorem 4.2. Let it^jg ■■= Ax ^x/s^ and define functors 

Cxis ■■ MIC^o{X/S) ^ HIG%{X'/S), E ^ L,Jfom^,^^^iJCi/s,E), 

(Here i : &g ^ &g is the map corresponding to the inverse map Q ^ Q, so that i^,E' is E' with a 
sign change of the Higgs field.) Then Cx/s C^/^ are quasi-inverse equivalences of categories. 

Remark 4.3. We will see later that the sign changes in the above definitions are necessary in order 
for the isomorphism of de Rham and Higgs complexes to be compatible with the standard Cartier 
isomorphism. 

In the case that J = with the standard action, we have that the category of ^J-indexed 

v4.^-modules is equivalent to the category of i^x-modules; indeed, it is easy to see that for any 
>l^-modulc E, the natural map Eq ®ffyr J^x ^ ^ is an isomorphism. Similarly, a connection on E 
is admissible if and only if this map is horizontal. We thus get: 

Theorem 4.4. Given a lifting X jS of X' over S, we have an equivalence of categories 

Cx/s ■■ MICpd{X/S) ^ HIG%{X'/S). 
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However, K."^^^ has the unfortunate property that it is not locally nilpotcnt. Wc thus reformulate 
the functors described above in terms of K.'^jg := ^x/s instead. For E an object of 

MIC^^,{X/S), let := J^om^^,A{Af, E) be the subsheaf of E annihilated by and let 

^v,7 — M'om^i^^^{Af,E) be the subsheaf of E'^ annihilated by V. 

Theorem 4.5. i) For E an object of MICpj-^XX/S), there is a natural isomorphism 

C;,,s{E)^{K:i,s ^AfEf'\ 
where G'g acts on the right hand side via the action on JC'^^^. 
ii) For E' an object of HIGp]-),{X' /S), there is a natural isomorphism 

C-)s{E')c^{lCi/S®Bx,sE')', 



where "i^^jg &cts on the right hand side via the action on 



irA 



Proof. First, since E is locally nilpotent, and /C;^^^ is locally free of rank 1 as an ^g^-module, we 
have an isomorphism 

Under this isomorphism, the submodulc Cx /s{E) = •^om^-i {i^'x/s^ E) corresponds to {K-'^jg^^^sp 

E)'^'^ with ffg acting on E. Changing the sign is the same as letting ffg act on K-^ instead, prov- 
ing (i). 

To prove (ii), we begin with a lemma. 

Lemma 4.6. There is a canonical isomorphism 

^xjs ®F*eg i'*^xis - ^x/s^Q- 

Proof. Suppose we have a lifting F of Fx/s- Then forms a basis for ICx/s ®F*eg i-*K^x/s 

an F^y^ ^g-module. We claim that, in fact, this basis element is independent of the choice of F, so 
the local bases glue to a global basis of ICx/s ®F*ffg ^'*^x/s- Thus, suppose we have two liftings Fi 
and F2, and let h : ^x/s^X'/S ~^ express the difference between them. Also, suppose we have a 
system of logarithmic coordinates m'^, . . . , G and let {N G W) be the corresponding 

basis of F*^igGQ = F^^^f .=^,/5. Then for N G N'', 



Hap^idlogim/^f^ = Hiap^idlogim/^) + /i(dlogK)))^ 



i=l i=l 

Now ^p,_^ maps this element of ICx/s to := Yli=i h{dlog{m'^))^\ while O^iij^p^ maps it to 
(— l)l^l(5/Ar. In other words. 

New 

Thus, defining g := X;Ar(-l)l^l/?^^Fi[^] € F^^^Gg, we see that = Og^p^; also, plugging in -h in 
place of h, we get = 0,{g)ip^ - Therefore, 

® = ^9^F2 ^ = ^ = ^F2 ^ ^h- 

□ 
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Now for E' an object of HIG^jj^X' / S), let Eq := E' ®Bx/s -^x ■ Using the above result, we 
have iC'^jg ®ffA t'*^.'^/^ — Gg. Hence 

□ 

As an application, we can use this to calculate Cx/si^'x/s)- First, we claim there is a canonical 
isomorphism 

To construct this isomorphism, we begin with the cosubtraction map S F^y^il^,^^ ^ ^xjs 
ICx/s- Then locally on X, if we have a lifting F of Fx/s-, the restriction to -^x/s^x'/s ~^ ^x/s ®ffx 
Sxjs is equal to 1 (g) cr^ — cr^ ® 1, which factors through ®ex ^xjsf ■ Since the total ^-Higgs 

field on Yixjs ®ex ^x/s satisfies the Leibniz rule, this implies that the cosubtraction map factors 
through {Kx/s ^ffx ^x/sf- 

We may check the map S' F'^igQ}-^^, {^x /s'^ffx^x /sY is an isomorphism locally, so we may 
assume there is a lifting F of Fx/s- Then {KLx/s ®Gx ^x/sf — '^omF*ffg{KLx /s^^x /s)^ and 
forms a basis for K,x/s as an F*^g-module. Thus, ^^(g)id gives an isomorphism {K,x /s^&x^x /s)^ — 
KLx/s-} and the composition with the above map is just the isomorphism S' F^i^Q^^, KLx/s 
induced by F. In fact, this shows that the canonical structure of ^-Higgs field on F^jg^L^dg) 
corresponds to the action of i^g on the second KLx/s- Note also that since Vtot(l ^^p^^ ® to) — 
ap{l®uj) (gi 1) = -{l®l)®C,p{uj) + l)®C.p{uj) = 0, the total connection on QCx/s ®Gx ^Xjsf 
corresponds to the Frobcnius descent connection on F^ig{i^,^g). From this it follows that there is 

a canonical isomorphism Cx/si^'x/s) — (^x/s ^'xjsf — '^*^G ®Gx' ^x/s- 
4.3 Nilpotent Residue 

The goal of this section is to apply the preceding theory to get information about objects of 
MICpd{X/S) and of HIGpd{X'/S). To do this, note that for E an object of MICpd{X/S), 
E J?x with the total connection is an object of MICpj-){X/S); similarly, for E' an object of 
HIGpd{X'/S), E' Bx/s is an object of HIG%p,{X' / S). Our first task is to calculate what the 
Cartier transform does to these objects. 

Proposition 4.7. i) Let E' he an object of HIGpd{X' / S). Then there is a natural isomorphism 

C-)s{E' Bx/s) - {ICx/s <'*E') Af. 
ii) Let E he an ohject of MICpd{X/ S). Then there is a natural map 



L,JifomT^^^^^{ICx/s,E) Bx/s ^ Cx/s{E ®ex -^T 

Furthermore, denoting Eq := J^omp*ffg{ICx/sj E) with the internal Horn connection, this map 
is injective, resp. surjective, if and only if the natural map Eq ®e^, Gx Eg is. 

Example 4.8. To illustrate the second part, let X be minus one point with k a field of charac- 
teristic p; that is, X := Spec(N k[t]), where the map N k[t] sends 1 to t, and S := Spec A;. 
Consider the ^x-module ^x ■ e with the connection V such that V(e) = e (g) dlog(i). Then since 
V has zero p-curvature, any F^^^^g-linear map ICx/s ^ E factors uniquely through the map 
}Cx/s induced by the inclusion Gx ^x/s- We thus get an isomorphism Eq 2± E, and we 
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will see below that this isomorphism is horizontal. Thus J^om-pi ^{KLx/S:^) — = ^x' ■ ^e. 
Similarly, C^/siE (^^^ Af) ~ {E 



7. Af^^ 



^x/s ' ^ Now the map described in the 
proof of (ii) below sends t^'^e to tP~^e 1 = (i^~^ei) • (e (8" e_i), where tP~^ei £ Sx/s- This map 
is clearly not surjective, and neither is the map <SS>ff^i Gx Eq. 

Proof. For (i), we have 

C-^/giE' Bx/s) = ^i/s ®0B {l^E' Bx/s) - ^i/s ®ffs 

as required. 

For (ii), we have Cx/s{E -^x) — i^'^om^~i {i^'x/s^ ^ ®£fx )• However, since 
M'om^AiiCx/s (^ffx Af,E®(^^ Af) ~ ^omF*6g{iCx/s,E) Af = Eq Af, 

applying to the natural map E^ (S)^^, Bx/s ~^ (-^o ®ffx A^)^ gives the desired map. 
We now have a commutative diagram 

{E^ 0^^, Bx/s) (^Bx,s ^x — 



(^0 (^ffx ~^X 



{E^ Gx) ®ffx ^x 



Eq ®ffx Af. 



Here the map on the right is an isomorphism since Eq has zero p-curvature by definition. Now 



the top row is injective, resp. surjective, if and only if Eq 0^^, Bx/s 



{Eq (g)ff^ A^y is, since 

A^ is locally free over Bx/s- Similarly, the bottom row is injective, resp. surjective, if and only if 



E^ 



X ■ 



□ 



'o^ ®ff^, Gx — > Eq is, since is invertible for each section s G 

We now need to study the map E^ &x Eq; however, the p-curvature of V on Eq is zero 
since each homomorphism in Eq commutes with S^x' /s ^ ^Q- Recall that for a log scheme X over 
5, we define the residue sheaf IZx/s •= ^x/x*' "^^ere X* denotes the log scheme with the same 
underlying scheme as X but with log structure f*^s'-, we then have an exact sequence 



n 



x/s 



0. 



^^x/s ^® define the residue to be the induced map p : E 



Also, for a connection V : E ^ E t 
E iSiffx T^x/s'i for each derivation D G ^x/s this induces an endomorphism pD on E / D[0'x)E, 
where D{ffx) is the ideal of ^x generated by the image of D. Now according to [LorOO] . the 
map E^ ^ff-^i Gx —>■ Eq is surjective if the residue of the connection on £"0 vanishes, and it is an 
isomorphism if in addition Tori(£'o) = 0- However, since JCx/s has basis £,p as an F^^^ffg- 

module, Eq is locally isomorphic to E; we now calculate the connection on £^0 in terms of this 
isomorphism. 

Proposition 4.9. Suppose we are given a lifting F of Fx/St ^.nd let V' he the connection on E 
which makes the following diagram commute: 



J^omF*ffgilCx/s,E) 



E 



J^omp' ffg{K,x/s,E) ®Q\ 



■(?#)«)id 



X/S 



V 



E ® 



i) We have 



V = V + (idOCj?) o V, 
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where the second term is the composition E ^ E ^x/s X' /s — ^ E (^^^ ^x/S' 
ii) Also suppose we have a logarithmic system of coordinates mi, . . . , € for X, and let 

Di, . . . , Dr be the corresponding basis of -^x/s- Then p'^^ = for i = 1, . . . , r. 

Proof. To prove (i), we first calculate the connection on JC^/s- we see that (V^^)(l) = 0; (V^^)(cT^(7r* (ilog(mj))) 
-l(g)C^(7r* dlog(mi)); and V^^ is zero on ^^^^(F^/^l^i^,/^). Similarly, (V^CfKI) = 0; (^^^)(o-^(7r* d\og{mj))) = 
l^dlog{mj); and is zero on S'^^o"^(FJ^^r2^,yg). Therefore, V^^ = —{id(S>Cp){'ipS,p)- Now con- 
sider an element cp ^ '^omp*ffg{K,x /s^E), and let e := 4>{ip)- Then 

V'e = (V</.)(e^) = V(0(e^)) -{(p® id)(Ve^) 

= Ve - id) ^- ^ Vd^^f ® CfCtt* dlog(mi)) j 

r 

= Ve + ^Vd^c eg) Cp{T^* d\og{mi)) 

i=l 

= Ve + (id(g)C^)(?/'e), 

as required. 

To prove (ii), note that Cf(^* '^log("T'i)) = dlog(mj)+(i6j for some hj E ^x- Thus, (Cf(^* '^log(mj)), Dj) = 
6ij + -Dj^j, so from (i) it follows that p'p)_ = + i^D'-i where '0 is the residue of the p-curvature. 
However, ■0z)' = V^. — Vd^, so V!/)' = p^. — pD^, completing the proof. □ 

Remark 4.10. If V is locally nilpotent, the following local characterization of £"0 — {K^xjs ®ffx 

is useful for calculations: suppose we have a lifting F of Fx/Si which we use to identify K,x/s with 

-^x/s^x'/S' ^'^'^ ^ logarithmic system of coordinates mi, . . . ,m.r € . Then {KLx/s 
the set of elements of /C;^/^ of the form 

5](-l)l^l(7r*dlogm)^0^(^,)[^j(e) 

for some e G E, where -D^, . . . , -D^ is the basis of S^x' js dual to the basis vr* d log mi, . . . ,7r* dlogm,- 
of ^x'ls- 

Corollary 4.11. Let MICpp,{X/ S) be the full subcategory of MICpd{X/ S) consisting of objects 
{E,V,9) such that the residue p of V satisfies p^ = for every D G ^xjs- Define functors 
Cx/s ■■ MIC°p^{X/S) ^ HIGpd{X'/S) and C'^^ : HIGpd{X'/S) ^ MIC^p^{X/S) by 



i) The functor Cx/s -'^ft adjoint C 



-1 

x/s- 



ii) The unit r/ : id ^ Cx/s ° ^a'/<s '^^ ^^^^ adjunction is an isomorphism, and the counit e : 
^x]s ° Cx/s ~^ id is an epimorphism on every object of MICppi{X/S). (Note that this 
implies that Cx/s faithful, and C^J^ is fully faithful.) 

iii) If Tori(£', TZx/s) — 0' then ep is an isomorphism. (Hence E is in the essential image of C'^/^-j 

Proof. Note that ICx/s is itself an object of MICp^{X/S), so C_^J^ does indeed have image con- 
tained in MICp^{X/ S). Now the adjunction in (i) is simply the standard adjunction between 
K-x/s ® ' ^iid M'om.-pp^^JyK.x/s-, ') discussed in (|2.3p . 
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For E G MICpj-){X/S), letting Eq := J^omp*ffg{K,;\:/g,E), we see that the residue of Vtot on 
£'0 is zero. Thus, we have a natural surjection Cp(:/g{E) Bx/s ~^ C^/si^ -^x)' which 
is an isomorphism if Tori(£'o, T^-^/s) = 0. However, since Eq is locally isomorphic to E^ this is 
equivalent to the condition that Toii{E,TZx/s) — 0- Now applying C^^^ to this map gives a 

surjection C^^iq{Cx/s{E)) -^x ~^ ^ ®ffx -^x ' however, it is straightforward to check that 
taking the degree zero part gives the counit e. 

Now for E' G HIGpd{X'/S), let E := C^/^l^') = JC^/s E'. Then 

Eo := jromF*ffg{}Cx/s,E) ~ J^omF*ffg{}Cx/sXx/s ®F*(fg {^x E')) ~ &x E' 
since ICx/s is invertible as an F^y^^g-module. Thus, E^ ~ E' , so Eq ~ E^ (giff^, i&x, and we get an 
isomorphism Cx/s{E) ®£f^, Bx/s — C^/siE (i^ffx -^x)- other hand, C~^^g{E' Bx/s) — 

-E -^x ' ®^x' '^-''^/s ~ ^x/s^E ®0x -^x )• Again, we see that taking the degree zero part 

of the isomorphism E' Bx/s — Cx/s{Cx)s^E')) Bx/s gives the unit rj. □ 

Similarly to before, we get isomorphisms Cx/s{E) — {K,x/s ®ex E)^'"' for E G MIC^j^,{X/ S), 
and C-)g{E') ~ {Kx/s ^')' for E' G /7/Gpi,.(X75). 

4.4 The Local Cartier Transform 

From the above calculations, we see that for E G MICpjy{X' /S), given a lifting F of Fx/s and a 
logarithmic system of coordinates mi, . . . , G ^x'^ have isomorphisms 

^^A'/5(^) - (.>^*Ef' = {xGE:Ve = -(id ®C^)(V'e)}, 

where V' is as in (j4.9p . with the PD Higgs field inherited from —ip on iiJ. Similarly, for E' G 
HIGpd{X' / S), the isomorphism — E^j^&g induced by F gives an isomorphism C^J^(ii^') ~ 

F^^^E' , with the connection given by 

V(e' (g) /) = e' (g) df + (id®CF)(V''e') ® /■ 

Similar formulas hold for the equivalence between MICpF){X/ S) and HIGpp){X' /S). This last 
formula is our motivation for the following definition. 

Definition 4.12. Let ( : Ex/s*^x/s ^ splitting of the Cartier operator. We then 

define a functor ^' : MIC-^{X/S) F-HIG-^{X/S) which maps {E, V) to the p-curvature of V on 
E. We also define a functor : HIG^{X'/S) MIG-^{X/S) by ^^^{E',^}') := E' ®Bx/s ' 
with connection 

V(e' (g) /) = e' (g) df + (id(gC)(V'V) ® /. 

Similarly, we define functors ^ : MIG{X/S) F-HIG{X/S) by ^(£,V) := (£,V'(V)) and 
^-^^ : HIG{X'/S) MIG{X/S) by ^^^(£',0') := {F*^^gE',V), where V is given by the same 
formula as above. 

We now calculate the p-curvature of this connection. In order to express the answer, we use 
the following notation: C, gives a map ^x/s^x'/s ~^ ^x/5' ^° adjoint Q* gives a map =^5^/5 — > 

771* (37- 

■'^X/S'^^'/S- 

Lemma 4.13. Let (£',0') G HIG^{X'/S) or HIG{X'/S). 

i) Tie connection V on "^^^(E' ,9') is integrable. 

ii) If is the p-curvature ofV, then V'tt'D = (^x/s^')^*^')''-"'*^ ^"^^ ^ ^ ^x/s- 
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Proof. The integrability of V follows from the fact that the image of C consists of closed forms. To 
prove the formula for -0, since ^'^ {E') ~ E' (^s- .^x' /s ("^ "^V-^)' suffices to verify the formula 
for E' = S' ^x'/s- The calculation uses the following two identities. 

Lemma 4.14. \LorO(^ 1.4.1] Let to G Zn]^^g and D G ^x/s- Then 

F*x/s{Cx/s^,^*D) = {u,D^^^)-DP-\u,,D). 

Lemma 4.15. Let E' be an ffx'-^odule, and let a,f3 G <§'ndff^,{E'); now define j3n recursively by 
f3o = (3 and (3n+i = [a, fin]- Suppose that (3o, . . . , /3p_i commute pairwise. Then 



•p 



(a + = + + /3' 

Proof. Let be the set of pairs (5o, vr), where 5*0 is a subset of {1,2,..., n} and vr is a partition 
of {1, 2, . . . , re} — 5*0. We then prove by induction on re that 

{a + (3T= ( n%l-i) 

(5o,7r)GPA \SeiT J 

For n = 0, the statement is trivial. Now for the inductive step, we use the identity a((/>i(/>2 • • • (/>n) = 
[a, 0i](/>2 ■ ■ ■ (t>n + <t>i[<^A2] - ■ ■ 4>n + ■ ■ ■ + </'i02 •••[«, 4>n] + (I>i4>2 ' ' ' Applying this to a term in 
the sum above, we see that changing P\s\~i to [a, /3|5|_i] = corresponds to adding n + 1 to 5; 
multiplying on the right by a corresponds to adding re + 1 to Sq\ and multiplying on the left by (5 
corresponds to adding {re + 1} to vr. Thus 



(5o,7r)eP; \5e7r / (5o,7r)eP;;+i J 



completing the induction. 

Now considering the action of the cycle (1,2,... ,p) on P^, we see that in the expression for 
(a + we can group the terms in the sum into groups of p identical terms, except for those 
corresponding to the fixed points ({1, . . . 0), (0, {{1, . . . and (0, {{1}, {2}, . . . , {p}}). □ 

To finish the calculation of the p-curvature of {S' i^x' / s) i we note that V d = D ® id+C*D. 
Thus, in the previous lemma we set a := D ® id, and f3 := C,*D. Locally, we see that (3 = 
X]i=i(C(^* d\ogmi),D)®D[, so Pn = SLi D"'-{C{'^* d log rrii), D)(g)D'^, and in particular /?o, • • • ,Pp-i 
commute pairwise. Also, 

r 

Pp^i = ^ DP-\{C{7r* d\ogm.i),D) ® D[ 

i=l 
r 

= Y,m^* d\ogmi),D^P'^) - F*^/s{^* d\ogm,,7T*D)]® D[ = CiD^"^) - n*D. 

i=l 

Therefore, = D^p^ ® id+CiD^^^) - tt*D + {CD)p, and V = D^p^ id+CiD^^^). Hence 
ipTT'D = {CD)P - TT*D, as required. □ 

We may express this formula geometrically as follows: let T^x/s — SpecS"' be the cotangent 
bundle on X'. Then t^x/s^^*"^ gives a map S/'x'js ~^ -^x'=^7S' which corresponds to a morphism 

^' • ^X'/s ~^ ^X'/s- Composing with Pt/x' : T^x'/s ^ ^^x'/s ^^^^^ ^ • ^X'/s ^ T^'/s, 

and we see h*^{'K*D) = {(*D)p for D £ S^xjs- Thus, letting := id— /i^, we get a commutative 
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diagram 

HIG{X'/S) HIG{X'/S) 

MIC{X/S) F-HIG{X/S), 

and similarly replacing HIG{X'/S), MIC{X/S), and F-HIG{X/S) by HIG^{X'/S), MIC^{X/S), 
and F-HIG'^{X/S), respectively. (We choose this sign for so that we may think of it as a per- 
turbation of the identity map.) 

Now the restriction of to the completion Tx'/s of '^X'/s over the zero section is an 
isomorphism, with inverse 

a-i = id +h(; + hl-\ . 

This allows us to construct a splitting module for {Vx/sT ■— '^x/s '^S".5^x'/s ^' ^X'/s o'^^r 3" : = 
3 ®S-3r^,/s S'^x'/S - ^x/S '^ffx' ^' ^X'lS-. namely /C^ := ^'^^(Q;^^)*i*3"- By the above diagram we 
see that the p-curvature on K.-^ ~ 3 ®Bx/s -^x J^^* natural action of S' ^x/s on 3 , so the 
action of S' ^x'/s on 3" and the connection on /C^ extend to a (Pj5f/5)"-niodule structure. Also, since 
is locally free of rank p'^ over BxjSi is locally free of rank p'^ over 3", showing that Kj^ is 
indeed a splitting module. However, since a^^ is an isomorphism, we have a canonical isomorphism 

Theorem 4.16. Let m7c"^(X/S') be the category of (Vx/sT-^odulcs, and let HI(f {X' / S) he 

the category of ^-modules. Thus MIC (X/S) is equivalent to the category of A^-modules with 

integrable and admissible connections, with an extension of the p-curvature to a Tx' /S-Higgs field 

~B 

which commutes with A^, and HIG (X'/S) is equivalent to the Bx/s-^odules with Tx' /s-Higgs 
Relds which commute with Bx/s- 

i) The functors 

C^ : MJC^{X/S) HKf{X'/S), E ^ L^J^om^p^^^y{K:f,E), 

G^^ : HIG^{X'/S) MIC'^{X/S), E' ^ K,f ®yL^E', 

are quasi-inverse equivalences of categories. 

A B 

ii) Let E G MIG {X/S), and let E' be the corresponding element of HIG {X'/S). Then we 

have isomorphisms 

E ~ ^^\a^^)^E' ~ ^^^a^E' 

and 

^{E) ~ t,E' Af. 
Here in the second formula, S'^x'/S ^^ts on the right hand side via its action on l^cE'. 

Proof. The first part follows directly from the fact that /C^ is a splitting module. For the second 

part, since -^~'^E' ~ '^^^S' 3^x'/s®S- ^^'/s ^ extension gives '^^^E' ~ -^'^L^SigiyE' . Thus, 
we have 

E ~ ^^\a^^)^Lj^^-yL*E' ~ ^-\a^)*L*y^yL*E' ~ ^-\a^)*E' ~ ^-\a^^)^E', 
which proves the first isomorphism. The second follows from the commutative diagram above. □ 
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Remark 4.17. MIC (X/S) is not equivalent to MIC:^{X/S). (Indeed, ICf is itself a counterexam- 
ple.) However, MIC^{X/S) and HIG^{X'/S) can be regarded as full subcategories oiMlC^{X/S) 
and B.1G {X' /S). Similarly to before, when and C^^ are restricted to these subcategories, 
we have isomorphisms Cc_{E) ~ {ICf (g)_4gp E)^'^ and C^^{E') ~ {Kf (^Bx/s ■^')^ where Kf := 

Similarly, let MIC {X/S) be the category of Vx/s '■— '^x/s ®s--Jx'/s 'S''=^'/5-niodules with 
residue p satisfying p'^j^ = for all D € -^x/s^ HIC{X' / S) be the category of S'^x'/S' 
modules. Also, let /C^ := ^'^^{a'^^)^L^S' ^x'/s- Then C^^ : E' i-^ ^*-^' ® s- / s gives an "al- 
most equivalence" HIG{X'/S) 'MIcf{X/S) in the sense of (imi) . with left inverse : E 
,3^om^ {1C(^,L^E). Yet again, letting /C^ := ^-'^{a^^)^T.^\, ~ ^om^^(^^, ^x), we get that 

Ci^{E) ~ (/C^ «)^^ for E G MIC^{X/S), and ^-^(E') ~ (/C^(g)^^, ^')^ for E' € HIG.{X'/S). 

4.5 The Image of the p-curvature Functor 

In this section we give an application of the local theory developed in the last section to characterize 
the essential image of the functor ^ : MIC (X/S) F-HIC{X/S). 

Theorem 4.18. Let X — > S be a smooth morphism of fine log schemes of characteristic p. 

i) Let (£", V) he a finitely generated -module with integrable connection on X. Then etale 
locally on the underlying scheme of X, there exists a B-Higgs held {E',0') on X' and an 
isomorphism (S, ■(/'(V)) ~ {E',9') ®Bx/s where ^(V) is the p-curvature of V. 

ii) Let {E',9') he a Enitely generated B-Higgs Geld on X' . Then etale locally on the underlying 
scheme on X, there exists an A^-module with integrahle connection {E, V) on X and an 
isomorphism {E,'ip{V)) ~ {E',e') ®Bx/s ^x- 

Proof. We begin by stating the lemma we will use to construct the appropriate etale morphisms. 

Lemma 4.19. Let Y ^ X he a morphism ofnoetherian schemes, Y ^ Y a surjective etale morphism, 
and Z ^ Y a closed immersion such that the composition Z ^ X is finite. Then etale locally on 
X, there exists a section ofY^Y over Z. 

Proof. First, we may replace Y hy Z and Y hy Z := Y Xy Z . Thus we may assume that Y ^ X is 
finite. Suppose that X is the spectrum of a strictly henselian local ring A. Then by Hensel's lemma, 
Z splits up as a finite direct sum of schemes Zi where each Zi is the spectrum of a strictly henselian 
local ring. Then each Zi := Z Xz Zi is etale and surjective over Zi, and hence admits a section. 
Thus Z ^ Z also admits a section. 

For the general case, let j4 be a ring endowed with a map Spec A X, and let F{A) denote the 
set of sections of Z — > Z over Z xx Specj4. Since Z — > X is of finite presentation, the functor F 
commutes with direct limits. (We may assume that X is afhne, say Spec-R. Then Z is also affine, 
say Speci?, and Z Xr A = Spec(i? A), and the functor A B (gi/j A commutes with direct 
limits.) We have seen that F{A) is nonempty if A is the strict henselization of the local ring of X at 
any point x. But this j4 is a direct limit of the rings corresponding to etale neighborhoods of x. □ 

Now to prove (ii), let Z C Tx'/s be the support of E' , which is finite over X' since E' is 
finitely generated (as Bx/s is finitely generated over A^,). Locally, we may choose a splitting C 
of Cx/s- Then : Tx'/s ^ "^x'/s is surjective etale, so etale locally on X there exists a lifting 
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g : Z ^ Tx'/s such that o g : Z ^ T^x'/S is the closed immersion. Let (-E, V) := ^{i^g^E'). 
Then {E,V) has p-curvature F^^g{a(^^g^E') = F^^gE'. 

Similarly, for (i), let Z C Tx' /s be the support of the p-curvature of V, which is again finite over 
X'. Then as before, we may etale locally choose a splitting such that : Tx'/s T^x'/S ti^s 
a section g over Z. Then g^{E,iJ;) is a B-Higgs field compatible with {E,ijj) via a^. Thus, since 
splits the Azumaya algebra Vx/s^ {E,'4>) — '^~^^{E',0') for some B-Higgs field {E',9'). Therefore, 
{E, ^) ~ {a^,L,E') ®B^^^ Af. □ 

Example 4.20. For the case oi E = Gx^ wc can in fact say more: etale locally, (^x^i^) is the p- 
curvaturc of some intcgrablc connection on Gx if aud only if w = F^i^uj' for some oj' G ri^,^^. 
Indeed, for any closed 1-form uj on X, let Vuj be the connection on 0'x such that V(^(l) = oj. Then 
the p-curvature of V^; is multiplication by F^y^(7r* — Cx/5)(w), where C^/s : ^ i^ ^'^^ 

map induced by the Cartier isomorphism. 

Conversely, for any / € ^x'^ € ^ let a;' = /dlog(7r*m), and let Q' = -uj' be the Higgs field 
on Gx' induced by w'. Now let g G &x be a root oi g^ — g — F^jgf = 0, which clearly exists etale 
locally on X. Then since g = F^^g{TT*g — /), 

Cx/sigdlogm) = {'K*g - /) (ilog(7r*m) = ti* {g dXogm) - f dlog{TT*m). 
Therefore, letting lv = g dlogm, Vuj has p-curvaturc F^^^uj'. Since vr* — Cx/s is additive, this shows 
that TT* — Cx/s '■ ^x/s ~^ ^x'/s i^ surjective with respect to the etale topology on the underlying 
scheme of X. 
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5. De Rham and Higgs Cohomology 

Let X jS := {X/S, X' /S) be as in the previous chapters. The main result of this section is as follows: 

Theorem 5.1. Let £ < p be a natural number, let {E,V) be an object of MICf{X/S), i.e. an 
object of MIC'^{X/S) whose p-curvature is nilpotent of level ^ i, and let {E',9') be its Cartier 
transform. Let m := p — i — 1. Then there is a canonical isomorphism in the derived category of 
complexes of Bx/s-^odules 

T^rn{E ®^Xis,^) ^r^m{E' ®Q,x,is,0'). 

Note that if £ + dmi{X/S) < p, this implies that Fx/s*{E ® ^x/s^ ^) - ® ^x'/5' ^he 
derived category. 

In fact, we shall make this isomorphism explicit as follows: let 

Then for fixed i, the de Rham complex of E K^x/s ^ ^X'/s ^^^^ total connection gives a 
complex 

'^x/sy^> — ' '^x/sy^> — ' • • • 

Similarly, for fixed j, the Higgs complex of {K,-^ i^^iI^^a) tensored with the identity on E ® ^''x/s 
gives a complex 



The differentials d and d' commute and therefore form a double complex lC'^jg{E). In fact, we see 
that d preserves the subcomplex E NnlC'^,^ ^ 



x/s 



^X'/S 



^x/S' that d' maps E (S) NnlC'^ 



x/s 



n 



X'/S 



^x/s to -E (8> Nn-ilC'^j^ (8) f^x'Af ® ^x/s- Thus, we get a subcomplex NnlC'^"j^{E) defined 



-x/s 



"X'/S 



"x/s 



by 

NnJC^'J^giE) := S Nn-iK,^/s ^x'/s ® ^x/S' 
This double complex looks like: 



X/S'^ 



d' 



E ® /C;f_i (g) ® — ^ E ® IC:^_2 nj^,^g ' 



^x/s 



X/S 



E^JC^ 



d' 



d' 



We denote by NnJC-^'^g{E) the total complex associated to this double complex. 
For any natural number n, we have a morphism of complexes 

E (g) n'x/s ^ E® NnlC'^is ® ^x/S 

via the inclusion A^x ~^ ^n^^x/S' which when composed with d' gives zero. This induces a map 
b : E^Qx/s NnK^isiE). Similarly, if has level then E' ~ {K^fg^E)^'^ ~ {NnlC^/g^E)^^^ 
for n ^ £. Thus, the inclusion E' Nn-iJC"^^^ (?) E gives a morphism of complexes 

T^{n-e)iE' ^x'/s) ^^{n-e)iE (8) Nn-.IC^/s ® -^^l/S^'/s)' 
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which when composed with d gives zero. This induces a map a : T<^(n~e){E'®^x' /s^ ~^ '^^.{n-ti^n^'^ 
If there is a splitting C, : ^xi/g ^x/s*^x/s °^ Cartier operator Cx/si then we may make 
analogous constructions with /C^ in place of /C^/^- 

Theorem 5.2. Let {E,V) he an object of MICf{X/S). 

i) Let n < p be a natural number with n ^ i, and let {E',9') := Cx/siE,'V). Then the natural 
maps 

are quasi-isomorphisms. 

ii) Assume that there exists a splitting ( : ^x,^g —>■ Fx/s*^x/s °^ ^x/s- Then the analogs 

{E n-^/s, V) ^ JCf{E) J- {E' (g) e') 
of a and b are quasi-isomorphisms. In fact, for any integer n ^ i, the analogs 

r^(n-i) {E n-^/s, V) ^ T^in-i) {NnJCf {E)) T^(„„,) {E' ® e') 
of a and h are quasi-isomorphisms. 

Note that ()5.ip follows easily from the case n = p — 1 in the first part. 



Example 5.3. Let (^,V) := {Af,d), so that {E' ,6') = (^x/5,0). Then for m G J^f, the image of 
dlogm G ^^x/s under h is IC^dlogm G /C"^ (8) f^^/^; similarly, the image of vr* dlogm G ^^^'/s under 
a is 1 (8) TT* dlogm G /C"^ 8) f^x'/S' However, if we have a lifting tt of t^x/s ^^d a lifting m G -^J'' of 
m, then 

{d® d')(3:f,{m) = 1 dlogm - 1 (8)7r*(ilogm G (/C"^ ^^^/s) ® (/C-^ <X) ^^x'/s)- 

Hence a(-7r* dlogm) and 6(dlogm) have the same image in 'H^K-'^jg, so the isomorphism above is 

compatible with the standard Cartier isomorphism. In general, if we only have a local lifting F of 
Fx/Si then the difference is locally the image of g + a p{l ^ tt* dlog m), where we construct g G ^x 
by taking a local lifting rh' G of TT*m and letting g satisfy 1 + [p]g = aj^{F*m' — pm). 

To prove (j5.2p . we begin with the case V) = (^^, d). 
Lemma 5.4. Assume that C is a splitting of Cx/s- 

i) The Higgs complex (/C^ (g) ^x/S^X'/S' ^) ^'^ ^ resolution of A^. In fact, for any n ^ 0, 

is also a resolution of A^. 
ii) The de Rham complex (/C^ (8) f^x/S' ^) ^'^ ^ resolution of Bx/s- 

Proof. In (i), the statement for (/C^^il^/y^, i/') follows from the statement for {Nn--IC'^^Cl'-^,^g, tp) 
by taking direct limits. Since the latter complex is just A^ for n = 0, it suffices to show that the 
successive quotients are exact. However, these quotients are equivalent to 

with the maps given by tensoring the maps in the divided power de Rham complex of f^^'/s 
A^. Thus, the result follows by the divided power Poincare lemma. 
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To prove (ii), we note that the connection on /C^ preserves the filtration A^. , and we consider 
the spectral sequence of the filtered complex (A^./C^ (8) fi^^^, V). In order to be compatible with 
standard notation, let us denote N"^ := N-i. We begin with an indexed version of |Ogu04[ 5.1.1], 
which in fact implies this version by applying it in each degree. 

Lemma 5.5. Let {E,V) £ MIC-^{X/S), and let ip : E ^ -E 0^^, ^x'/s the p-curvature ofV. 
Suppose we have a horizontal filtration N' on E such that -0 vanishes on Gr^ E for each E. Then 
in the spectral sequence of the hltered complex (N'E ^^/s' ^^^^^ ^ commutative diagram 

E\^ E\^^^^ 



where tp is the map induced by ip. 

Proof. For any fixed i,j, by replacing E with E/N^E for k sufficiently large, we may assume E is 
locally nilpotent. Then given a local lifting ^ of Cx/si by ()4.16p . {E, V) is in the essential image of 
^-^^ say [E, V) ~ ^~^^{E\ 6'). Also, the filtrat ion on E descends to a filtration on E' . Now we have 
ip = a^*^' ®id : E' ^Bx/s -^x ~^ ^' ^^x/s -^x ^£^x' ^X'/S' However, since E' is locally nilpotent 
and is an isomorphism, we get that 9' vanishes on N^E'. 

Now by definition, V = + (id OC) ° however, (id ®C) ° maps A^*(S ^x/s) N''+'^{E (g) 
^x/s^)- Therefore, E^'^ ~ W*+^(Grjv E'^Afm^/s^ ^a), and ct{^ is the map induced by {id®C)°0'- 
However, since each term of the complex {A^ ^x/s^ ^) locally free over A^ and therefore over 

m 



Bx/S) and the differential d is ;Bx/5"lm6ar, from ()2.6p we conclude 



E\' ~ GrV(L;') ® n'+'/s - ^1 ® ^X'/s - Gr^hiEf ® J,)^. 
This gives the vertical isomorphisms. Also, since Cx/s ° C = id, it is easy to see that the map 
Gr*^(E')«'^x75 ^ Gr*j+i(^')®^x7? induced by (id®C)o^' is just 9'. However, = ac*i*0'®id, 
while maps N'E' Af Q'^jg to N''+pE' ® Af ^'x/s^ ^ so 9' = -i). □ 

In our situation with E = /C^ ~ A^x ® ^-^^c'/S' ^® have Gr^{E) ~ ® rjQ^,^^ with 
connection (i_4, so E^'^'-' ~ (^rj^^x'/s f^f^x'/S' ^i^o, the p-curvature of /C^ is exactly the map 
we get by tensoring the standard differential d in the divided power de Rham complex of L.^i^,^^ 
with A^x^ so that we get a commutative diagram 



Bx/S '^'^i^X'/S^^x'/S Bx/s'^'^i-l^x'/s^^x'/S^- 

Thus, by the divided power Poincare lemma, we get i^g"' — unless i = j = 0. Hence the cohomology 
of (/C^ (8) 0^^^^, V) vanishes in positive degree, and we have an isomorphism 



7iO(/Cf 0%/5,V)^L;°'°^^x/5• 
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Lemma 5.6. Let {E,V) G MIC^{X/S), and let {£',6') := V) G HIG^{X'/S) be its Cartier 

transform. 

i) The Higgs complex {E (g) /C^ Cg) f^^/^g, V'c) ^'s a resolution of E. In fact, for any natural number 
n, the complex 

E (g) NnlCf ^E0 Nn^iKf (g) ^E® N^-ilCf f]^,/^ ^ • • • 

is a resolution of E. 

ii) Tie de Rham complex [E (g /C^ (g) ^x/s^ ^tot) is a resolution of E' . 

Proof. Note that the statement for (i) does not involve the connection on E. Thus, since each term 
in the complex /C^<g)0^y^ is a locally free ^^-module, and the differential is ^^-linear, the result 
follows from (j5.4lip . The proof for E (g Nn~-KL-^ (g) ^'x'/s similar. 

To prove (ii), recall that since E is locally nilpotent, E ~ (£" (ge^/s ^fY- We thus have a 
map E (g^gp JC-^ E' ®Bx/s educed by the multiplication morphism /C^ (g) /C^ — /C^, which 
is an isomorphism by a result in the appendix to [OVj . This isomorphism is horizontal since the 
connection on /C^ satisfies the Leibniz rule and since the connection on ~ {E' (gi /C^)^ comes 
from the action of V on /C^. Therefore, the de Rham complex [E (g /C^ (g ^^j^^/^, Vtot) comes from 
tensoring the de Rham complex (/C^ ® ^'x/Si ^tot) with E' over Bx/s- Since each term in the latter 
complex is a locally free Sx/s-module (using the fact that itself is), and the differential is 
;Bjf/5-linear, the desired result follows from (j5.4liip . □ 

Proof of \5.^ Clearly, (i) follows from (ii) since locally we may choose a splitting ( of Cx/Si a^^^d 
then NnlC^/s - NnK.f for n < p. 

To prove (ii), observe that we have a commutative diagram 

r<^{n-i){E ®^x/s^'^) 

an 



T^(^n-t)NnlCf{E) r^in-i)ICf{E) 




By the previous lemma, the rows of A^„/C^" (E) and of /C^" (E) are resolutions of E^n^-^^^; therefore, 

gn and 5 are quasi-isomorphisms. Similarly, the columns of JC'^"{E) are resolutions of E' (g ^^^z/^, 
which implies that / is a quasi-isomorphism. From the above diagram, it follows that c and /„ are 
also quasi-isomorphisms. □ 

If ^ G MICi{X/S) for e<p, and we apply this result to E (g^^ Af G MICf{X/S), then take 
the degree zero parts, we get the following. 

Corollary 5.7. Let iE,V) G MICi{X/S) for i < p, and let E' := {fC^/s ®ffx E)^'^, with 
Higgs field 0' := ^j^. (Thus {E' ,9') ~ Cx/s{Ey) in the case that {E,V) G MIC^{X/S).) Let 
m := p — i — 1. Then there is a quasi-isomorphism in the derived category of complexes of Gx'- 
modules 
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Appendix A. A Brief Proof of the F-linearity of p-curvature 

Fix the following notation: let / : X — s- 5 be a morphism of fine log schemes of characteristic p. 
Let Y be the logarithmic formal neighborhood of the diagonal in X xg X, with the exact closed 
immersion A : X ^ Y and projections pi,P2 '■ Y — > X. Let Vx/s — ^Y, let J denote the ideal of 
A, and let V^^g = Vx/s/ denote the structure sheaf of the nth log infinitesimal neighborhood 
of A. Similarly, let Dx/si^) denote the structure sheaf of the log divided power envelope of A, with 
PD ideal J, and = Vx/si^)/ J^'^'~^^'^ the structure sheaf of the nth log infinitesimal divided 

power envelope. We consider Vx/Sj '^x/si^)^ and D^yg(l) as ^x-algebras via p*, i.e. by 

multiplication on the left. 

For m a section of , we define rjm '■= Q!y(p2"^ — pjm) — 1 € J, and Cm '■= log(l + r]m) = 
Vm — + 2!??™ — ■ ■ ■ + {p — l)!7?m G J ■ (The reader who is unfamiliar with log geometry can skip 
to Lemma [A. 6t and replace Cm by := 1 (g) x — x (X" 1 G J for sections x of &x-) 

We begin with a logarithmic generalization of a result which is well-known in the nonlogarithmic 
case. 

Theorem A.l. Let D : ^ ^x be a differential operator of order ^ 1. Then DP : ^ Gx is 
also a differential operator of order ^ 1. 

In the case of trivial log structure, we prove this by showing that [D^, a] is a differential operator 
of order ^ for each a G Gx- We will essentially adapt this proof to the logarithmic case by 
substituting a = oiim) for m G ^x and dividing each step by a(m). This leads to the following 
construction: 

Definition A. 2. For m G J^x^ ^-.V ^ Gx, we define 4)^n^■V ^ Gx^y ^mij) = (/'(T"(l + ??m)) 
for each t G V. 

Note that for m G ^x, since a(m)(l + r]rn) = P2('^("^))' '^^ have a{m)(prn = 4> o a{m). Thus, 
we may view (pm as conjugation of (j) by a{m). 

Lemma A. 3. Tiie collection of maps Diff(^X) ^x) L)iff(^x5 ^x) defined by (/> i— > (pm induces a 
group liomomorphism —i- Aut^_^(Diff (^Xi ^x))- 

Proof. Since (1 + r?m)(l + rjm') = I + Vm+m', we see that (c/'m)™' = (pm+m' ■ We also have rjQ = 0, so 
(po = (j). Since (p ^ (pm is clearly ^x-hnear, all we have left to prove is that {(p o ip)^, = (pm ° ipm- 

Thus, suppose t € V. By definition, we calculate {(l)oip){T{l + r]m)) by first taking (5(r(l + r/m)) = 
5{t)6{1 + rjm)- However, (5(1 + rjm) = (1 + rjm) <8) (1 + rjm), so 6{t{1 + rjm)) gets mapped by id<^ip 
to (1 + rjm) ■ (id '^ipm){S{T)). Applying (p, we get {pm o ipm){T), as desired. □ 

Li the case of a scheme with trivial log structure, we have the result that a differential operator 
(p : V ^ Gx is of order ^ A; if and only if [(/), a] is of order ^ (/c — 1) for each a G Gx- The following 
is a logarithmic analogue of this fact. 

Lemma A. 4. A differential operator (p : V ^ Gx (of finite order) is of order ^ k if and only if 
<Pm — (p of order ^ (k — 1) for each m G . 

Proof. Suppose <p is of order ^ so that <p induces a map —)■ Gx- Then for r G P^, {(pm — P)(j) = 
4'{'^rjm)] thus, pm — </> is of order ^ {k — 1) if and only if cp{Trjm) = whenever r G J''. However, 
since {rjm '- rn G ^x} generates J as an ^x-module in V^, this condition is sufficient (and obviously 
necessary) to get cp{j'^^^) = 0. □ 
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Proof of Theorem \A.l\ First consider the case in which D{\) = 0. By hypothesis together with the 
last lemma, we see that Dm — D = a for some a € i^x- Therefore, {D^)m = {DmY = {D + a)^. 
However, a straightforward induction, using the formula {D + a)ox = {D + a){x) + xD for x G &x-, 
shows that 

k 



j=0 

for every fc, where bi = {D + a)*(l). In particular, for k = p, we get {D + a)^ = + bp, so 
{DP)m — DP = bp is a differential operator of order ^ 0. 

Now in the general case, the previous paragraph shows that (D — D(l)y is a differential operator 
of order ^ 1. But using the above formula again, D^ = {D — D{l)y + bp for some bp S ^x, so D^ 
is also a differential operator of order ^1. □ 

Corollary A.5. If D = (5,8) : {^x, x) — * is si log derivation over S, then so is 

Dip) ■- 

Proof. Corresponding to the given log derivation, we have a PD differential operator D of order 
^ 1 with D{1) = 0. Then by Theorem IAH {DPf -.V ^ 6x is a differential operator of order ^ 1, 
so {pP)^ -.VjP^&x restricts to a log derivation J/J^ ~ ~^ claim that this log 

derivation is exactly dP^^ o 5 + o 5 on ^x and d^P^ on 0'x- 

The latter statement follows exactly as in the case of trivial log structure. Now by the iden- 
tification of J/J^ with ^x/s^ derivation sends m € ^x to DP{r]m)- However, 

= Cm + Cm + • • • + Cm (mod Jt^"*"^!). On the other hand, for 1 < k < p, Cm' is in the image of 
the natural map QV ^ V{1), so L>P(Cm ) = 0. Therefore, DP{r]m) = DP{Cm) + ^^(Cm )• 

We calculate DP{(m) as {DP~^ o D){(m)- We have 5(Cm) = Cm (X" 1 + 1 (X" Cm, which is mapped by 
id^D to P2{Sm) since -D(l) = and D{(m) = D{r]m) = 5m. Now applying DP~^ gives dP~^{5m). 
The following lemma will give that DP{C^) = D{QrnY = {Sm)P. □ 

Lemma A. 6. Let : 2^(1) Gx be PD differential operators of order ^ k,i, respectively. Then 
for any section m of ^x, we have {4> o ip){Cm'^^'^) = (^(Cm )V'(Cm )• 

Proof By definition, we calculate ^otphy first taking 5^^^{cln^^^) = Y.]to Cm ® Cm^^'^' = Cm ® Cm 
m now apply which gives CmP2V'(^m)- However, since G Jl'^l and 

P2V'(Cm) -pIV'(Cm) e J, we see that r/l^'p^V'lC^') = V'(Cm)Cm in V^+\l). Thus, applying gives 
'0(Cm)</'(Cm ), as desired. □ 

We will now show the linearity properties of the p-curvature by showing directly that a construc- 
tion of Mochizuki agrees with the standard definition of the p-curvature. Mochizuki's construction 
begins with the following observation: 

Proposition A. 7. Let (D(l),/, 7) denote the logarithmic PD envelope of the diagonal in Y (the 
logarithmic formal neighborhood of the diagonal in X Xs X), and I the ideal of the diagonal in Y. 
Then there is a unique isomorphism 

such that for any ^ G I with image uj G ///^ ~ 

Q(l0 7r*a;) = ^W. 
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Proof. First, the corresponding map ^x^g —>■ Fx*[I / is additive since 

^ ' ^z!(p-z)! 
where the last term is in IGd{\)' It is also ^x-hnear since 

Finally, for & I, 

so the map annihilates I^. We thus get a well-defined map 

Fx/s^x'/s ^ Fx^x/s - + I^Dii))- 

To sec this is an isomorphism, we work locally; thus, assume we have a logarithmic system of 
coordinates mi , . . . , G J^x- Then //(/[P+^l + I^D{i)) has basis •rjP'''^\ . . . ,7p"'^\ which is the 
image under a of the basis 1 7r*(dlogmi), . . . , 1 (8) 7r*(dlog rrir) of Fx/s^\:' /S' '-' 

Now let Ehea, crystal of (^x/5-™odules, and let pi,P2 '■ -D(l) ^ X be the canonical projections. 
Then we get an isomorphism 



-1 

e : pIE ^ Ejj(^i) p\E. 
Now for e & E, e{p2e) — p\e € E I, so this induces a map 

^■.E^E^ff^ [//(/I^'+i] + Woii))] ^ E F*x,s^x'/s- 

Theorem A.8. Let D e ^x/s- Then 

V^,*,, ■.E^E®ff^ F*x/s^x>/S E 

is equal to V^, — V jj(p) . 
Proof. First, L>J'-L>(P) 

• ^£1(1) ~^ ^x annihilates I^d{i) by the definition of D^^^ and it annihilates 
/[p+i] since it is a PD differential operator of order ^ p. Therefore, — D^^ induces a well-defined 
map 

Fx/s^x'/s 

We claim that in fact, this map agrees with id (8)F^y^7r*D. It suffices to check this for 1 (g) Tr*LO for 
Lo G ^x/s- However, taking a preimage ^ G / of a;, we get a(l (g) Tr*uj) = which is mapped by 
DP to {Dlo)p = F^{Du) and by D^p'^ to zero. On the other hand, id®F^^g'rr*D maps 1 (2> Tr*u to 
F^{Dlo) also. 

Therefore, we may rewrite ip.,^* d as 

E^E<^,,I^E (/7(/^+^l + i^z^d))) E, 
where 'tp : E ^ E I maps e to e(p2e) — pXe. However, this is exactly V ^fv^ow- □ 

The immediate corollary of this is: 

Corollary A. 9. IfV:E^E ^x/s integrable connection, then the p-curvature map 

V'(V) : ^ Fx*S'ndff^{E), D - V^w, is F-hnear. 

A more concrete proof of the linearity starts with the following criterion: 
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Lemma A. 10. Let (p '■ 'DP{1) — > be a PD differential operator of order ^ p. Then <j) is of order 
^ 1 if and only if (j^ : Gx is a differential operator of order ^ 1, and (/'(Cm ) = for every 

m G ^x- 

Proof. The forward implication is trivial. For the reverse implication, since the statement is local, 
we may choose a logarithmic system of coordinates mi, . . . , G -^x, and let C}^^ {k G W) be the 
corresponding basis for I'(l). Let ei, . . . , e,. denote the canonical basis of N''. Since cp is of order ^ p, 
0(C^^') = foi' 1^1 > p. If 2 ^ ^ p but k ^ pei for any i, then in fact (^^^^ is in the image of the 
natural map C "P ^ ^(1)- Since (j)' is of order ^ 1, this implies (piC^^^) = 0- Finally, if A; = pei, 
then(/)(CW) = 0(d!) = 0. □ 

Using this criterion along with ()A.6p . it is easy to show that both (Di + — D\ — D2 and 
{aD)P — aPDP are PD differential operators of order ^ 1. Therefore, for instance, {aD)P — aPD'P = 
{aD)^P^ — aPD'^'P\ which implies '4>-K*{aD) = oJ"^tt*d, and similarly for the additivity. 
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